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ABSTRACT 



The first quantum correction to tlic IIA string effective action arises at the eight-derivative level and takes 
the schematic form (tgig — geiocio)^^ + i?2 A Xg,. This correction, however, cannot be complete by itself, 
as it is neither supersymmetric nor T-duality covariant. We reexamine these eight-derivative couplings and 
conjecture that the simple replacement R -> i?(i7+), where r2+ = il + ^H is the connection with torsion, nearly 
completely captures their dependence on the i?-field. The exception is in the odd-odd spin structure sector, 

^■f-N ■ where additional terms are needed. We present here a complete result at the level of the five-point function and 

a partial one for the six-point function. Further evidence for this conjecture comes from considering T-duality 

CO ■ as well as heterotic/IIA duality beyond leading order. Finally, we discuss the eleven-dimensional lift of the 

tH- ' modified one-loop type IIA couplings. 
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1 Introduction 

Since string theory reduces in its low energy limit to an effective supergravity theory, one must go beyond 
this limit in order to capture truly stringy behavior. Such stringy corrections may be encoded in both the a' 
and the genus expansion, with the former generating higher derivative corrections to the supergravity and the 
latter corresponding to string quantum corrections in spacetime. For the type II string, these corrections start 
at the eight derivative level, and were first obtained at the tree level from four-graviton scattering [l][2] as well 
as from the cr-model beta function approach [SHH]. These tree level corrections take the form 

e'^L ^ e-^^{tstsR^ + ^eioeioR^). (1.1) 

The one-loop expression has a similar structure in the CP-even sector [9] 

e~ £cp-cvcn ^ {tstsR T gEioeio-R ), (1-2) 

where the top (bottom) sign is for the IIA (IIB) theory. In addition, the IIA theory has a CP-odd one-loop 
term ^E^ 

>CcP-odd -B2A [tri?4 ^ i(tri?2)2], (1,3) 

The above expressions, however, cannot be complete, as supersymmetry will necessarily bring in additional 
eight-derivative terms built from the other fields in the supergravity multiplet. For the type II string, this 
includes the B field and dilaton in the NSNS sector, the p-form field strengths in the RR sector, and the 
fermionic superpartners. Although it would be desirable to obtain a complete supersymmetric invariant at the 
eight-derivative level, the goal of this paper is more modest. In particular, we reexamine the one-loop R* terms 
in the type II efi^ective theories and attempt to establish the completion of these terms involving the B field. 

We work in the covariant worldsheet formulation of the type II string, and find that all that is required in 
the even-even and the (even-odd + odd-even) spin structure sectors is the replacement of the Riemann tensor 
by a four-index tensor computed using a connection with torsion 

i?^."^ ^ R^u''^{n+) = R^,'"' + ^[^H,f^ + i/Ji^^-^TJ,]/. (1.4) 

We argue that, in all except the odd-odd spin structure sector, this replacement captures the full structure of 
the corrections to all powers in H — dB. A similar replacement is needed in the odd-odd sector. However, 
this is not sufficient, and new kinematic structures beyond the standard eeR"^ appear in terms involving higher 
powers of H, such as H^R^, H*R^, etc. We present here a complete result at the level of the five-point function 
and a partial one for the six-point function. Computations involving the one-loop five-point function can be 
found in the literature [12-17 , but the results pertaining to the six-point function are new. 

Stringy higher derivative quantum corrections have been studied for a long time and have proved to be 
important in a number of contexts. Yet our knowledge of these terms, even the simplest one-loop contributions 
to the efi'ective action, is far from being complete. It is worth expanding on some of our motivations: 

Supersymmetry: While it is believed that different super-invarints made of curvatures should exist, clearly 
the B field and dilaton (at least in the Einstein frame) are needed in order to have minimal supersymmetry 
in D = 10. Note that, e.g., the verification of the fact that B A Xs{R) and (is^s ~ |eioeio)^^ are related by 
supersymmetry is done only at the linearized level. 

The _/?■* couplings in ten dimensions play a crucial role in understanding the quantum moduli space of 
Af = 2 theories, and it can be shown that all R^ terms in A/" = 2 theories descend from these [TS',!!!]. The 
supersymmetry of the former can be checked explicitly. Indeed, these arise from the expansion of i^iH^^ Ir-terms, 
where Fi is a a function of the chiral vector superfields, and W is the Af = 2 chiral Weyl superfield. Note that 
in the four-dimensional Af — 2 context, the _B-field is in the hypermatter and is no longer in the same multiplet 
as the graviton, and hence is a priori irrelevant for the above-mentioned couplings. However controlling at 
least the H^R^-oideT terms is important for better understanding of the hypermultiplet moduli spaces and the 
higher-derivative mixing of vector and hypermultiplets. 

Dualities: The couplings involving only the curvature terms suffer from at least two types of problems: 

• Clearly expressions made solely out of curvatures cannot have reasonable T-duality properties; in partic- 
ular there is no hope of constructing any invariant. 



• Since the duality interchanges Bianchi identities (tree- level) and equations of motion (one-loop), higher 
curvature terms are important for A/" = 4 heterotic/Type II duality. However the heterotic Bianchi iden- 
tity is highly non-linear, and the curvature terms appearing there are constructed out of a connection with 
torsion. So far the duality has been checked at the linearized level, completely ignoring the dependance 
of the heterotic Bianchi identity on H. 

These two dualities will provide important tests for our results. 

Flux backgrounds: Even if higher curvature terms are often our best hope for avoiding the no-go theorems 
for flux compactifications, they have remained largely unexplored. Understanding the iJ-flux in one-loop terms 
has already helped with some AdS results, such as the stringy calculation of c — a, but clearly more remains 
to be done. This will eventually be important for both Minkowski and AdS compactifications. 

Testing generalised geometry: Generalised geometry determined by the B-field has proven to be extremely 
useful in understanding the (on and off shell) classical superymmetry. In particular, the generalised Levi-Civita 
connection V^ is used to form Dirac operators. On the mathematical side, the appropriate local index theorem 
with torsionful connections have been known for some time |20) . It is a natural question to ask how much 
generalised geometry captures the systematics of the string perturbation theory (and maybe the so called 
exceptional generalised geometry of the full string theory). Understanding R^ corrections would be the first 
step in this direction. 

The B2 A Xg term, (|1.3|) . seems to be a good starting point for studying the effects of the B- field, since 
it is related to anomalies and is robust. It is clear right away that the only possible modification of X% is an 
addition of a closed term Xg, ^^ X^ + Y with dY = 0. Indeed, in the absence of NS5 branes, the coupling 
should be invariant under the B field gauge transformation B 1— >■ B + dA. Moreover, the shift Y must be exact. 
This is required by the invariance of the coupling under diffeomorphisms (in the absence of NS5). Moreover, 
a non-exact Y would modify the anomaly cancellation mechanism since Xs and the fivebrane worldvolume 
anomaly are related via the inflow mechanism. The spinorial cohomology arguments might provide another 
argument for Y being exact. 

We shall argue that not only is Y exact, but that this exact shift is induced by the shift in the connection, 
and the complete Xg should be computed using a connection with torsion. Replacing Riemann curvatures 
by torsionful ones is known not to work for the full set of quantum corrections (or even at the leading two- 
derivative order) beyond the linearised level. Once more, the special nature of B2 A Xg plays an important role 
here, and as we shall see, replacing the Levi-Civita connection by a torsional one il — > il± = i7 ± ^H where 
V."^ — Hfj^^dx'^ works. Note that ATg computed from the torsional connection will have all powers of torsion 
which would clash with the CP-invariance of the effective action. Fortunately, the GSO projection for the IIA 
string simply restores the symmetry of the theory under the reversal of B, and in fact 

X8(f}^^) -^ ^[Xs{n+) + Xs{n^)]. (1.5) 

One expects a relative minus sign for the IIB string, but as we shall argue, there the entire coupling must 
vanish on-shell. This claim is tested by T-duality and heterotic/Type II duality (with 16 supercharges), and 
backed by string calculations. This is the story of the contribution from the even-odd ± odd-even worldsheet 
spin structures. 

How about the even-even and odd-odd spin structures (which we sometimes call "CP-even" contributions)? 
Note that the structure of these is such that they are automatically even in powers of H under the replacement 
Q — > Q±. Moreover, as we shall show in the even-even sector, this replacement is sufficient and captures the 
full string theoretic result. The odd-odd structure is more subtle, and a combination of worldsheet calculation 
with different duality arguments is needed in order to (at least partially) fix it. 

Putting our findings together, one may conjecture how the two M = I superinvariants will be completed 
with the S-ficld as well: 

Join) = {tsts + ieioeio) R" -^ (^8*8 + leioeio) R\n+) + ^eioeioH^R'{n+) + ... 
Mn)^tstsR*-\eiotsBR'' -^ tstsR\n+)-le,otsB{RHn+) + R{n^))^Ji{n+). (1.6) 
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Table 1: The modification of the i?* terms upon inclusion of the _B-field. We have defined ft± = ilzL ^H. The 
precise form of the terms appearing in the odd-odd spin structure is explained in Section 12.31 and Section \5\ 



Note that Jo(fl^) + AJo{il+,H) appears at tree level both in IIA and IIB and at one loop in IIB, while 
Jo(r2+) — 2Ji(51+) + AJo(r2_|_,_ff) appears at one loop in IIA. The detailed structure of A Jo(fi+, -ff) is explained 
in the body of the paper (notably in Section F2.3l and Section[5]) and is only partially fixed by our computations. 
A summary of our results in ten dimensions is given in Table [T] 

T-duality provides one of the motivations for studying the inclusion of the S-field in i?^ couplings, and 
at the same time provides a very stringent test of the proposed modifications. In Section [3] we concentrate 
on showing that the more topological part of the a'^ couplings, namely B2 A [Xs{R'^) + Xs{R^)], transforms 
correctly under T-duality. A brief discussion about T-duality in the CP-even sector is discussed in Appendix IbI 

As already mentioned above, lower dimensional R^ terms descend from the ten-dimensional i?^ couplings. 
In particular, the K3 reduction of IIA theory yields a six-dimensional theory with 16 supercharges in six 
dimensions dual to heterotic strings compactified on T^. Here a combination of string four-point function 
computation (which is a moral equivalent of a six-point computation in ten dimensions) together with the 
duality considerations allow us to fix the six-dimensional one-loop four-derivative correction completely. The 
result is: 



lrd=6 
IIA 



'£ 



+^a'[hURin+f - i66e6i?(f}+)2 - leeeeH^Rin+) - ^e^e^H^] 

+±a'e^^''-'p''B^f,[R^,-''{n+)Rp,-\n+) + R^,-'>{n^)Rp,-\n^)], 



(1.7) 



where ip is the IIA dilaton, and where the CP-even expressions are defined below in ()4.29p . ()4.12p . (j4.3ip . ()4.36p 
and (i437| . 

As one would expect from heterotic/type II duality, two different formulations of (1, 1) theory exist in six 
dimensions. One, the "heterotic" (1,1), has no Green-Schwarz type couplings, but has a non-trivial Bianchi 
identity for the NSNS 3-form H. The "type IF (1, 1) theory, on the contrary, has a GS-type coupling and a 
closed 3-form H. This has been worked out (without the additional higher derivative gravitational couplings) 
by Romans in |21) . The two theories are related via strong- weak coupling duality, and the equations of motion 
of one map to the Bianchi identities of the other. What turns out to be important in our context is that the 
structure of the fermonic operators is very different in the two versions of the (1,1) theory. The "heterotic" 
(1, 1) has a single Dirac operator, where the torsional connection i7_ appears. The Bianchi identity for the H 
field and the a'R^ expressions are written in terms of a torsional connection with opposite sign on the torsion 
n+. The "type 11" (1, 1) has two different Dirac operators, and both J7+ and fl- appear there. The averaging 
of H in the twisted B Ati R^ coupling can be seen as the consequence of this. 

Thinking of (|1.7p as the reduction of ten-dimensional type IIA action on K3 is instructive and provides 
additional information about the five and six-point function results in ten dimensions. The lift of (jl.7p to ten 
dimensions confirms our claim that for all terms of order a'^, except the odd-odd spin structure sector, the 
replacement R — >■ R{^+) is sufficient. It also fully agrees with the H^R^ and {WH)^R^ terms. Finally, the lift 
allows us to identify six candidates for the ten-dimensional H'^R^ terms. This ambiguity can be resolved by 



explicit six-point function computation. Note that H^R and H^ terms do not affect lower-dimensional theories 
obtained via compactifications (without flux) on Ricci-flat manifolds. Finally, one may contemplate the lift 
of 0{a'^) couplings to M theory. Note that the tree-level coupling gets suppressed in the eleven-dimensional 
limit, while the lift of the one-loop couplings involving the curvatures and H should produce a complete set 
of couplings at eight derivatives involving the curvature the eleven-dimensional four-form G. Unfortunately, 
once more the lift involves some ambiguities. Note that the reduction on a nontrivial graviphoton background 
with a generic G, while reproducing the NSNS sector, yields a IIA one-loop effective action with up to eight 
derivatives and with all the RR fields. 

The structure of the paper is as follows. In Section [2] we looks at the five-point string amplitude calculation 
and see the emergence of the structure outlined in Table [T] Section [3] (as well as Appendix |B]) is devoted to 
T-duality tests of the proposed modifications of the i?* couplings. In Section |4] we use heterotic/type II duality 
to fix completely the structure of a' terms at the one-loop four-derivative level. In particular, we observe that 
the heterotic/type II duality map does not receive corrections at 0{a'). In Section [5l we use this result to 
determine, up to slight ambiguity, the structure of a'^H E? terms in ten dimensions, that would otherwise 
require a six-point amplitude computation. Finally, in Section |5J we discuss the lifting of the modified i?^ 
couplings to eleven dimensions which leads to incorporation of the four-form G. We provide a summary of our 
key notation in Appendix VK\ 

2 String amplitude calculations 

We begin with a review of the Type II string effective action up to the i?"* terms. We work in the covariant world- 
sheet formalism, and restrict our attention to external NSNS states, namely the metric, antisymmetric tensor 
and dilaton. As demonstrated by KLT [52], closed string amplitudes may be rewritten in terms of products of 
left- and right-moving open string amplitudes. Thus the basic components of the string computations are the 
chiral vertex operators 

V^'^^kX) = UidX^ + ^a'k-i^i^ne^'^-'', (2.1) 

given in the —1 and pictures, respectively. Closed string vertex operators may be built as a combination of 
left- and right-moving components, and in particular the closed string polarization may be taken as a tensor 
product 

0^. = Cp <» C- (2.2) 

Furthermore, the various NSNS fields are be encoded as 

glP^ = h"" + bi"' + ^{?f - k^k"" - k''k'')(f>. (2.3) 

Here g^i, — rj^^ + h^^, where h^i, is taken to be transverse and traceless {k^h^j^n = 0, and h^ — 0). The 
antisymmetric tensor is given by b^u with H = db and k'^b^i, — 0. Finally, is the conventionally normalized 
dilaton. Note that k is defined according to fc^ = and fc • fc = 1, so that the transversality condition k^O^^'^ = 
is enforced for the dilaton. 

Before proceeding, it is worth noting that when discussing effective string actions, the issue of string frame 
versus Einstein frame invariably arises. The string frame is perhaps the most natural, since in this frame the 
dilaton explicitly counts string loops. However, the choice of polarizations encoded in (|2.3p actually leads to 
Einstein-frame scattering amplitudes. The reason for this is that the trace-free metric fluctuation /i^^ is strictly 
orthogonal to the dilaton fluctuation. This ensures that there is no h — (jj propagator mixing, as would happen 
in the string frame. As a matter of notation, g^i, will denote the Einstein-frame metric, while g^^ will denote 
the string-frame metric. These are simply related by the standard Weyl scaling 

g^, - e-^/^g^,. (2.4) 

Our notation is thus to use tildes in the Einstein frame and none in the string frame. We find this more 
convenient, as we will mainly emphasize string-frame expressions. 



2.1 The three-point function 

We first review tlie familiar result for the tree-level three point function. For each massless open string vector, 
we associate its polarization index with fj,i and its momentum with ki. The open superstring three-point 
function then reproduces the trilinear gluon coupling 

^(1, 2, 3) = r/'^^^^fc^l + v'-'-^k^i + V^'^'k^l, (2.5) 

where we have ignored overall coupling and normalization factors. The KLT relation for the three-point function 
is trivial, and the closed superstring amplitude is 

X(l, 2, 3) = ^(1,2,3)^^(1,2,3). (2.6) 

This can be explicitly written as 

x(i,2,3) = A0';:''''k'^'k'('0!^''''0^'''' -A0';:''''0!^''''k^'k!^'e^'''^ -A0';;''''k'^'k'(^e!^''''0^'''' + cyclic, (2.7) 

and is identical for both the IIA and IIB string. 

Expanding the amplitude, we find non-vanishing contributions for 

h-h-h, b-b-h, b-b-cj), 4>-4>-h. (2.8) 

These three-point functions may be obtained from the Einstein-frame action 

^ = V^[R - hd<t>'^ - f5e~'^i?% (2.9) 

which is a long-familiar result. Using (|2.4I) to transform to the string frame, we find that the curvature scalar 
becomes 

R = e*/2[i? + 5(d - l)U(i> - ^{d - l){d - 2)d(t>\ (2.10) 

Inserting this into p.9|) . setting d—lQ and integrating D^ by parts then gives the standard string frame NSNS 
action 

£ = e-2'^V^[^ + 49(^)2 -^ij2]. (2.11) 

2.2 The tree-level four-point function 

The tree- level four-point function was investigated in [31|23], and at the eight-derivative level gives rise to 
the well-known a'^R'^ correction in the effective action. At the linearized level, it is easy to see that string 
amplitude is kinematically built out of the gauge invariant combination 

^'"''^1., =40[^i[,,fc^^lfc,,], (2.12) 

where /ii/i2 are associated with the left-movers, while j^ii^2 are associated with the right-movers. Since the 
polarization O^i, encodes all NSNS fields, R y^y^ generalizes the ordinary Riemann tensor. Making use of 
(j2.3p . we find the linearized expression 

K.,."'''' = i?^,^/^"-^ +e-'^/2V[^,iJ^,]'^^''^ -^[^..['^W^.lV'^^V, (2.13) 

which is suggestive of a connection with torsion. Note that, strictly speaking, the eT'^l'^ factor in front of ViJ 
as absent at the linearized level. However, it must be present at the nonlinear order to ensure that H has the 
proper weight. Furthermore, while the ViJ term appears to differentiate between left- and right-movers, this 
distinction is artificial, as closure of H ensures that 

which is a manifestation of worldsheet parity. 

The linearized curvature tensor with torsion, p.l3p . takes a particularly simple form when Weyl scaled to 
the string frame 

^MiM^''^''^ = ^mp/^"^^ + V[^,il,,,]''^''^ (2.15) 



In particular, the term linear in the dilaton drops out. In the string frame, the resulting tree-level R addition 
to the effective action takes the form 






— -jTj-a' {tstsR + geioeio-R ) 



(2.16) 



We have included the eioeio-R"* term, even though strictly speaking it does not arise at the level of the four- 
point function. It is, however, implied in the Green- Schwarz formalism, and moreover appears in the cr-model 
calculations [7l[8]. At tree level, this correction is common to both the IIA and IIB superstring. 

2.3 The one-loop a'^R'^ corrections 

In the RNS formalism for the Type II string, the one-loop string amplitude involves a sum over spin structures 
for both left- and right-moving sectors. The even-even and odd-odd spin structures contribute to the CP-even 
sector, while the even-odd and odd-even spin structures contribute to the CP-odd sector. Because of maximal 
supersymmetry, the loop correction starts at the level of the four-point function. However, the odd spin 
structure will not contribute until the five-point function, because of the necessity of soaking up ten fermion 
zero modes. 

Before discussing the closed string corrections, we make a few observations for the open string. For a one- 
loop open string amplitude in the even spin structure sector, all vertex operators are taken in the picture. In 
particular, the four-point function involves the contraction 

\j=l / a \i=l la 

where the sum is over the three even spin structures. Breaking up the vertex operators into individual world- 
sheet bosons and fermions, we see that the amplitude is a sum of terms involving contractions between an even 
number of worldsheet fermions. The terms with fewer than four worldsheet fermions vanish when summed over 
spin structures. (This is closely related to spacetime supersymmetry.) Hence the kinematic structure of this 
amplitude starts with a minimum of two momentum factors. The actual details are somewhat obscure in the 
covariant approach, but can be more easily seen in the Green-Schwarz formulation. The resulting kinematical 
factor is simply 

Avon - tf-"^ (^LC^l^) • • • (CC^b')' (2-18) 

and is identical to the tree-level case. 

Turning to the odd spin structure sector, for the one-loop amplitude, we include one picture changing 
operator 5{/3)'ip ■ dX, take one vertex operator in the —1 picture, and put the remaining vertex operators in 
the picture. The five-point function then involves the contraction 



y(-i)(fci, C^^)) ^ y(«)(F, c^')) ) = Cl\^ ■ ■ ■ C^? ( V' • dXio)r' Y[itdx^^^ + \a'h ■ ^V') H e 



iki-X 



odd 



(2.19) 



However, since we need to soak up ten fermion zero modes in order to get a non- vanishing amplitude, we see 
that each vertex operator in the picture must contribute two worldsheet fermions, so that 

Add - e'^^"^--^^ Ci'JiklC^^J) ■ ■ ■ {klCl'J) (dX^O) ^ e^'^-A . (2.20) 

(Note that the bosonic contractions vanish in the zero momentum limit.) Since we have placed the first vertex 
operator in the —1 picture, this amplitude seems to single out the first particle for special treatment. However, 
by using momentum conservation, it is easy to see that this amplitude is fully bose symmetric under interchange 
of any of the five particles. 



2.3.1 The even-even amplitude 

We now return to the closed string, where the amplitudes are built out of a combination of left and right 
movers. In the CP-even sector, the even-even four-point function is a combination of (|2.18p on the left and on 
the right. Taking (|2.12p into account directly gives t^t^R'^ with a one-loop coefficient arising from performing 
the modular integrals [9]o Transforming to the string frame, and writing (|2.15p schematically as R = R-\-VH, 
we see that this term has an expansion of the form 

hhR'^ ^ Hh[R'^ + &{VHfR^ -f iVHf]. (2.21) 

In particular, terms odd in H vanish by worldsheet parity. 

2.3.2 The odd-odd amplitude 

The odd-odd contribution is somewhat more unusual, and first arises at the level of the five-point function. 
Although the amplitude is insensitive to this choice, we single out the first vertex operator to be in the (—1,-1) 
picture. In this case, we find 

■A ^ e"'^''^^-^^e''''"''^-''«<V.o(fcMi^'i^^iJ • • • K^lrf^^^L) (dX^{0)dXp{0) J2 e-'^A . (2.22) 



i=l 



At the eight-derivative level, we only take the boson zero mode contraction 

(dX^'dX'^)^ — '^11°'^, (2.23) 

87rr2 

so that 

^ _ apoPi-P8 ■'o-^i-i^sg/W (fc2 ^2 ^(2) N . . .^5 ^5 q(5) y /2.24) 

Focusing on gravitons and antisymmetric tensors only (since the dilaton is unimportant in the string frame), 
we see that the amplitude contributes to five graviton scattering, two R and three graviton scattering, and 
four B and one graviton scattering. We now look at these three possibilities in turn. 

For five gravitons, although the amplitude is bose symmetric, it is convenient to think a particular permu- 
tation where the first graviton is singled out. Using the identity 

l„A'0i'0ga/3/Ji---/i8^ I'l-'-i^s _ 4ga^Ml---A»8„Mo[i'lg ko |i'2 ■■■I's] (2 25) 



2 



along with tracelessness of the on-shell graviton, Q\i,qvq — hiigvo ; '^^ see that the odd-odd amplitude has the 
form 

A,. ^ e'^^^^---^^e^r--'nihi\^'Rf^^^,jR^^l^^.^^^^^^^^^ (2.26) 

Here Rfll ij,2iyiU2 represents the linearized Riemann tensor given by substituting Oj^l — hj^l into (|2.12p . It is now 
clear that the odd-odd five-graviton amplitude is an expansion of eges^"*, which may be written covariantly as 

-(l/2)eioeioi?^. 

The amplitude for two antisymmetric tensor and three graviton scattering was computed in [15\ (and in the 

Green-Schwarz formulation in [17) ) by assigning 0/,(,i/q = blij^g and Ol^Jiy^ = &A'2f2- In this case, we may rewrite 
(j2.24p using momentum conservation as 

The graviton expressions recreate linearized Riemann tensors, while ikj^^bli2i,g) and {kl^bijfig) recreate the 
antisymmetric tensor field strength H = dB. The resulting amplitude is of the form ^3] 

A,o, , r~^ —e favafi-'-vsl TTtiiti.^ u Mo _ 1 I/MiA'2Mo f7 \T3t^3tii DMsMe RMtMs (0 OS.^ 



The linearized connection with torsion R also appears in the heterotic one-loop computation |24H26I 



The two H^ combinations, along with the relative factor of —1/9 arise in relating the full antisymmetrized 
-ff/ji/j2i'o ~^ ^[mi^a»2!^o] ^° ^^*^ kinematics of the string amplitude (|2.27p . where only /ii/i2 are antisymmetrized. 
However, these two kinematical combinations are in fact related by first rewriting ee in terms of a fully anti- 
symmetrized (5-function, and then making use of the symmetry properties of the Riemann tensor. With the 
assistance of the computer algebra system Cadabra [27l[28] , we find 



aVoVl---USTTiJ.ltl.-2tl.OJJ 0^3/^4 DMsMe PP7MS 

— Q, f:avaVi---v^-fTti.iti.i TT Mo PM3M4 ut^stie RM7M8 O 9Q\ 

— »J^a/io/^l ■■■Ms 1^0 ^1^2 '^ v^V4-^*. 1^51^6 V7Vs^ \^.^o) 

in which case the h'^Y? amplitude may be written as 

id.o,-,^— 2, avovi---V8 TTtiiti.2 TT ^0 0/^3^4 DM.'iMe dMtMs (O 'ir\\ 

•^^b^ ri^ 3 '^aMoMi ■■■Ms i^o '^ii^2 *" 1^31^4-"- v^ue-^'^ v-rvs- y^.ouj 

The amplitude with four antisymmetric tensors and one graviton is similar, except two of the three Riemann 
tensors will be replaced by WH 

A,,, r^ _c ^avQVi---vgi -rTti.lti2 fj Mo _ 1 ZJM1M2M0 17 W/t^^flt^'^ Y7^5 fJMe DM7MS 

•y-^h^h ^atiotii'-'tis^ \ i/Q ^11^2 9^^ ^^i'iU2Vo}^ ^^ v^u^^ ^^ 1/51/6 *• v-rv^- 

(2.31) 

Note that this substitution of i? — > VH essentially incorporates the linearized connection with torsion R — 
R + V7J, although the combinatorial factors do not correspond to this direct substitution. While it may be 
possible to simplify this expression, as we did for the b^h^ amplitude, we have unfortunately been unable to 
generalize the identity (|2.29|) where two Riemann tensors have been replaced by VH . 

Combining (|2.26p . (|2.30p and (|2.3ip gives us an effective Lagrangian for the odd-odd sector 

„-!/' ,, ,, _^ _i, „ ^aflvi---vs -Dtiiti2 Uti-'iti-i RM5M6 Uti.7tis 

c A-'odd-odd g f^apMl ■■■Ms ^ *■ i/iz/2-"' v^u^^*^ u^uq-^'^ vjVs 

Lc favoui---us -rTti.iti.2 ij Mo DM3M4 TJlJ-atm OMtMs 

12 atiOi-'-l-'-tlB ^0-'-'z/lI/2 ^^ I/3I/4-''- Z/5Z/6 '' 1/71/8' 
]_, c°'UoVl---l's ( JJt^ltl.2 ZJ Mo _ j_ IJM1M2M0 f7 "l 

Ig'^QMoMi^^^Ms'^ V^-* i/o-'-'</ii'2 g^-* ^■'I'l 1/21/0/ 

xV^^iJ'^%3,,V^^i/''%,,,i?^^^%,,,, (2.32) 

which reproduces all odd-odd five-point functions in the NSNS sector. Note that the sign of this contribution is 
opposite for the IIA and IIB string because of the opposite GSO projections. Following 23. , we may expect this 
combination to simplify when written in terms of R. However, it is not obvious that the linearized curvature 
(|2.15p is the best object to use, since the first line of (|2.32p is sensitive to the nonlinear part of the Riemann 
tensor when computing the five-point function. 

Of course, the natural non-linear completion of R is to introduce the full connection with torsion 51+ = 
fl + h'H, which reads in components 

r!+^"^ = r!^"'^ + ii/^"'^. (2.33) 

The curvature computed out of il_|_ is then 

R{n+) = R+^dH + lHAH, -H"^ = iJ^^^dx^, (2.34) 

or in components 

i?(r!+)^,"^ = i?^,"^ + V[^iJ,]"^ + ii/[/^if,]/. (2.35) 

Replacing R by R{il+) in (I2.32p . and working only to the level of the five-point function, we find 

e-'CoM-odd - -ie„/3^,...,,,e"'3-i—«i?MiM2^^^^(^^)_RM3M4^^^J^^)_RM5M6^^^^(^^)^M7Ms^^^^(^^) 

_1, c'^vovi- - -Us TTtiiti.2 u Mo E)M3M4 ('O.'lR'^sMe ('O , "l 7?'^7M8 ^O , "l 

3'=Q^ioMi^^^Ms'^ -'-' i/o-'-'i/ii'2 -"- i'3i'4 V'^'+y^'- 1/51^6 V'^'+Z-'^ 1/71/S V'^'-l-/' 

_I_J_, ^auoui---us(Q-rTtiiti2 IJ Mo i 1 IJ-M1M2M0 17 "i 

T j^gCdMoMi^^^Ms"^ V''-'-' i/o-'^i/ii/2 ~ g-*^ -'^ 1/1 1/2 1/0 ^ 

xV^^i/'^%3,,V^^i/^%,,,i?^^''%,,3(fl+). (2.36) 

We have had to use p.25p as well as on-shell integration by parts in order to obtain this expression. Note 
that the five-point function does not distinguish between the use of R and i?(r2+) in the mixed terms with H. 
However, we expect that R{i^^) is in fact the correct quantity for extending beyond the five-point function. 



2.3.3 The odd-even and even-odd amplitudes 

We now turn to the CP-odd sector which is responsible for the B A Xs term. In the RNS formalism, this term 
arises from a combination of odd-even and even-odd spin structure contributions. Because of the presence of 
the odd spin structure, this amplitude starts at the five-point level, and will involve a single epsilon tensor. 
Since worldsheet parity relates the odd-even and even-odd contributions, we only need to consider, say, the 
odd-even sector explicitly. In this case, the one- loop amplitude involves one vertex operator in the (—1,0) 
picture and the remaining four in the (0, 0) picture. In anticipation of the B AX^ structure, we take the (—1, 0) 
picture vertex to encode the antisymmetric tensor b^i, and give the remaining four vertex operators general 

polarizations O/^l. 

After soaking up ten fermion zero modes in the odd spin structure sector and using a boson zero mode 
contraction to remove dXa (0) in (|2.20p , we find that the five-point amplitude reduces to the chiral contraction 

^odd-oven - b^^y^'^^-'^Hkiy-lj- ■ ■ (fctCj E (n(*^^'* + 1"'^^ • ^^'-y'^A ■ (2.37) 

Of course, the worldsheet integrals must still be performed. In fact, this amplitude essentially computes the 
elliptic genus [10,29 31 , and hence we end up with the odd-even contribution 

Add-even - tl,...^,,B■2 A i?^^^^ A • • • A i?f ^^ = 24^2 A (tri?4 - {{txRY)- (2.38) 

The full CP-odd amplitude is a sum of odd-even and even-odd spin structures. These contributions are 
identical except that worldsheet parity fiips the sign of i3^i/. As a result, combining the spin structures picks 
out terms odd in B^j^i, for the IIA string and even in B^i, for the IIB string. This can be seen explicitly by 
writing the CP-odd amplitude schematically as 

^CP-odd - (iseio ± eioh)BR{Hf. (2.39) 

The sign choice is a consequence of the GSO projection, and the positive sign is taken for the IIA string while 
the negative sign is taken for the IIB string. We now flip the order of eio^s in the second term so that it 
matches the first. Making use of (|2.14l) then gives 

Acv-odd - hB A {R{Hf ± Ri-Hf), (2.40) 

where eio has been made implicit in the wedge product. 

2.3.4 The one-loop effective Lagrangian 

We may combine the contributions from the various spin structure sectors to arrive at the one-loop effective 
Lagrangian (in the string frame) 



.^loop 



^^^^' a'3 [HHR^ T l^ioeio (i?(^+)' + \il^R(Sl^f \H\WHfR{n+))) 



32 . 213 

2 



-^^^^a'^B2h\tvR'^~\{tTR^f] , ^^,. „, TTAmH^. (2.41) 

2.26 ^ L 4 ^ ' 1 even(odd) m B2 for IIA(IIB) *- ' 

The odd-odd contribution is written schematically here; the explicit form is given in (j2.36p . Note that the 
CP-odd contribution is often given in terms of the eight-form 

^s(i?)-(^^(tri?^4(tri?^)^). (2.42) 

Using Xg, the one- loop CP-odd contribution may equivalently be written as 

^CP-odd = -(2^)6a'3B2 A ^[Xs{R{H)) ± Xs{R{-H))l (2.43) 

where the top sign is for the IIA string. In particular, this 'averages' or 'anti-averages' in B2 for the IIA and 
IIB string, respectively. 
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It is important to understand that the effective Lagrangian (|2.41|) is only designed to reproduce the eight- 
derivative one-loop four-point function in the even-even sector and the five-point function in the remaining 
sectors. To the lowest order in B (none in the CP-even sector and linear in the CP-odd sector), this reduces 
to the familiar 



■^loop 



lowest in B 



32-21 



ra 



{tstsR T geioeio^ ) 



{2TT)^a'^B2 A XsiR) 



IIA only 



(2.44) 



Because of general covariance, this eight-derivative purely gravitational contribution is essentially complete. 
(Although terms proportional to the Ricci tensor are undetermined at this order, they are unimportant as 
they may be absorbed by field redefinition.) However, if we are interested in the full eight-derivative action 
including the i?-field, then terms up to 0{H^) may appear, and these will require the calculation of an eight- 
point function to pin down. 

Although in principle there is no obstruction to the computation of the one-loop eight-point function, in 
practice it is beyond our technical means. However, we conjecture that the full eight-derivative action at the 
non-linear level involves the replacement of the linearized curvature R by the complete curvature with torsion 
i?(f2+) given in ()2.34|) . We thus postulate that ()2.41|) should be extended to 



■^loop 



(27r) 



ra 



tstsR{n+)^ T ieioeio (^(^^ 



-(27r 



32.213 

^a'^Sa A ^[Xs{R{n+)) ± Xs{R{n^))] 



\H^R{n+f - ^H^{VH)^R{n^ 



(2.45) 



The even-even spin structure term tg,tsR{^+)'^ agrees with five-point function computation of |16ll7| rl However, 
there appears to be a disagreement in the odd-odd spin structure sector, as [17] only found the eioeioR{Q+)'^ 
combination, and not the remaining odd-odd terms. We will present evidence below that these additional terms 
are in fact present in the odd-odd sector. In particular, the six-dimensional completion of egeg-R^ will include 
terms of the form e^CQW^R and e^CQH^. The former lifts to eigCio-ff^i?^, while the latter lifts to eigeio-ff^^^, 
which cannot be seen below the level of the six-point function. The lift of the six-dimensional Lagrangian also 
strongly suggests that the remaining sectors, namely the even-even part of the CP-even sector and the entire 
CP-odd sector, are completed by the simple replacement R -^ R{il+), as indicated in (I2.45p . 

2.4 The vanishing of CP-odd coupHngs in IIB 



Before turning to the T-duality and six-dimensional heterotic/HA tests of (|2.45p . we first comment on the 
CP-odd contribution in the IIB case. In particular, while the B A Xg term plays an important role in the IIA 
string and its lift to eleven-dimensions, it is known to be absent in the IIB string. Of course, the sign choice 
in the CP-odd term in (|2.45p is designed to project Xs onto terms even in B for the IIA string, and odd in 
B for the IIB string. As a result, this is consistent with the absence of B2 A Xs{R) in the IIB case. However, 
terms of the form B2 A R^ A ViJ and B2 A R A {VH)^ appear to survive. It would be puzzling to expect that 
the IIB string has such unusual CP-odd interactions. Thus we anticipate that these unwanted terms in fact 
vanish on-shell, and hence do not contribute to the IIB effective action. 

Although we have been unable to prove the vanishing of the full ten-dimensional CP-odd coupling in IIB, 
as a first step we may show that the corresponding term in six dimensions vanishes at the linearized level. The 
six-dimensional CP-odd term that we are interested in takes the form 



I = BAtv [Rin+) A Rin+)l^^ .^^^^BAtv [dU A {R + {U')] 
At the linearized level, we take 

I = B A tr {dn A R) = -H A tr {n A R), 
where we have integrated by parts. In components, this takes the form 



(2.46) 

(2.47) 
(2.48) 



^Although the loop computation of I16II17I was performed in the Green-Schwarz formahsm, there is nevertheless an obvious 
split between the tgtg and egeg contributions. 
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which matches the expression obtained in [32j from the scattering of two antisymmetric tensors and one 
graviton. 

We now demonstrate that this vanishes at the level of the three point amplitude. To see this, we rewrite X 
as 

T _ ^Ml-Me^Q rr tt n 1^1/3 ('2 4Q'l 

and make the substitution 



1 
5! 
We may rearrange the e-tensors to obtain 



<5^=-He/3.,.....e"'^--'^ (2.50) 



T — pMl-Me, , aCTi-CT5 TT TT D ^1/3 

ao-i-CTs /o rr fr p i^ll3 _ tt tt p i^i;3, orr fr R^^i/^^ 

— t l^'J-ny3f7"iCJ"2 cr3^lCK-^cr4(5'5 -'^CTi cr2CT3 -*^ /3l/i Q-'*'Cr4Cr5 I ^-'^a"ia"2 0'3 -^^£741/10-^/5(75 }• 



(2.51) 



The first term vanishes because the H^ expression is symmetric under i^i <->■ /3, while the Riemann tensor is 
antisymmetric under this exchange. A simple relabeling of indices now gives 

Comparing with (j2.48p . we see that 

I=— I+2e -nMiM2A'3-"M4M5i'i-f^/i6' (2.53) 

or 

-^ — t -'-'/JlM2A'3-'-'M4P5fl^V6' y'^-'-'^) 

This vanishes identically at the level of the ti^h three-point function, since the Ricci tensor vanishes on-shell 
for a single external graviton. 

Ideally, we would like to demonstrate that the full six-dimensional CP-odd term (|2.46p vanishes on-shcU at 
the non-linear level, and that the same holds for the ten-dimensional IIB term 

B2 A ^[XsiRin+)) - XsiRin^))]. (2.55) 

Unfortunately, the ten-dimensional expressions are quite cumbersome to manipulate, and we have been unable 
to prove that this contribution vanishes on-shell. Nevertheless, we have seen that it indeed vanishes at the level 
of the b^h^ five-point function for a few sample cases we have looked at. This vanishing depends crucially on 
the relative factor of —1/4 in the expression (|2.42p for Xs, which suggests that any proof will have to emphasize 
the structure of the tg tensor. 

3 Testing the couplings: T-duality 

T-duality provides a very stringent test of the proposed couplings. Indeed it is quite unlikely that higher 
derivative terms made solely out of curvatures will have correct T-duality properties; fixing this problem is one 
of the consequences of inclusion of the _B-field. In this section we shall concentrate on showing that the more 
topological part of the a'^ couplings, namely B2 A [Xs{R'^) + Xs{R^)], transforms correctly under T-duality. 
The rest will be discussed in Appendix [B] 

For our purposes it should be sufficient to consider U(l) fibered backgrounds: U{1) ^^ M — > Mb- There 
exists on M a globally defined smooth one-form e = e^ such that its curvature is a horizontal two-form de — tt*T 
and T e H'^{Mb,'Z). For deriving local formulae when considering a circle reduction, we shall simply take a 
ten-dimensional metric of the form 

ds^ ^r]o.i3e°'e^ + {diP + Af. (3.1) 
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Let 

e^ = diP + A, de^ = dA^T, (3.2) 

where T denotes the field strength of the circle U(l). For simplicity we take the U(l) radius to be constant 
and hence do not consider the scalar mode in the reduction (although we shall discuss it later on). 

Let us denote the isometry generator k and assume that the three- form H respects the isometry, i.e. 
CkH = 0. Note that, due to closure oi H, we automatically have a closed two- form (with integral periods), 
T — ikH . Just like the curvature of the circle bundle T, this form is in the second cohomology of the base 
manifold A/^, namely T E H'^{AIb,'Z)- T-duality exchanges these two forms T and T (and the corresponding 
topological numbers, ci and JT respectively). 

It will be expedient to write the local expressions for the antisymmetric tensor as well (we are tacitly 
assuming £kB = 0): 

B2 = 62 + 6lAe^ H3=dB2 = db2-biAT + fAe', (3.3) 

where T = dbi is the winding U(l). (With some assumption on the i3-field, the generalisation to an arbitrary 
T" bundle, i.e. n isometry vectors, is straightforward.). Now write 

H3 = h3 + fAe^, (3.4) 

where h^ — dh2 — bi AT, so that dh^ = — T A T. Before going on, let us note that the two-form &2 in the 
expansion (|3.3p is not invariant under T-duality. Instead, 62 — > 62 + &i A A. One can check that the horizontal 
three-form /13 in ()3.4p is T-duality invariant. This will prove to be of crucial importance. 

With these preliminaries out of the way, recall that what we wish to show is that the CP-odd term in (|2.45p 
transforms correctly under T-duality. But first we need to work out some useful expressions for the curvatures 
on U(l) fibered manifolds. In Sections 13.21 and 13.31 we shall study the four-form and eight-form polynomials 
in curvature that appear in six- and ten-dimensional effective actions respectively. We shall then be ready 
to address the T-duality of the even-odd and odd-even IIA one-loop amplitude contributions in Section 13.41 
The CP-even parts of the one-loop effective action (or to be more precise the equivalent terms in the simpler 
six-dimensional case) are discussed Appendix |B] 

3.1 Curvatures: The circle reduction 

We start by reducing the curvature R{n+) where the connection with torsion is fl^ — fi + ^H with H"^^ = 
Hc'^^e'^. (Note that we can obtain 57_ by taking H -^ —H.) The reduction of J7_|_ is straightforward 

nf = -5^+76'^, (3.5) 

where we have defined 

T±^T±f, (3.6) 

and where aj+ = a; + -^h- 

We now compute the curvature according to i?(J7+) = dO.^ + 17+ A 17+. The result is 

i?"9(f7+) = -i(V^r_^, + iV'^T+05)eV-iT^^r+5^e^Ae9, (3.7) 

where 

R°'^{u+) = R"^ + iV^/i5"''e^ Ae^ + \h^"'hs/e^ A e^ (3.8) 

For convenience in notation, we introduce the one-form T" 



T" EE T^^'e'i. (3.9) 
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Furthermore, the covariant derivative with torsion acts as 

D+T" = [V^Ta-" + i V^T/]eT A e^ (3.10) 

In this case, we have 

R''^{n+) = ^D+T^ + \T^pTlAe^. (3.11) 

Note that we have used the Bianchi identity on 7+ in order to rewrite i?"®(ri+). 
In components, p.7p becomes 



i?,9^9(r!+) = \T+^sTl'. (3.12) 

Note that the symmetry Rabcd{^+) = Rcdab{^-) is hidden in these expressions. In particular, the relation 
on RajS-yg requires use of the Bianchi identity dT± = 0, while the relation on Rap-yS requires use of the Bianchi 
identity dh^ = — T A T. This symmetry can be made more explicit by writing 

Rc,f,'''{n+) = i[i?„/^(a.+ )+i?T%(^_)] 

-i(r+„TT+/ - T+jT+fP) - i(r_„^T_/' - T_jT_p^) 

-\{T+^pTf + T^^pTl' + 2T+^pTl'). (3.13) 

Curiously, note that all except for the last {T^apTZ ) term is symmetrical under the interchange T -(r^ T. 
One contraction yields the Ricci tensor 

Ra,9iQ+) = -i(V^T+^„ + i/i^^^T^^), 

R9ai^+) = —^{VT^-ya — 2^aiSTl ), 

R99{n+) = iT+^pT^^. (3.14) 

The symmetry between T and T is broken in the Ricci component i?gg(51_|_). An additional contraction yields 
the Ricci scalar 

Rin+) - i?(^+) - \Tl - \Tl + \T+T_ = R{u+) - \T^ - ft 2. (3.15) 

Note that 



Ral3{(^+) — Rap — 2'^''haj3j — jhajghp'' , 

R{uj+) = R-jh^, (3.16) 

so in particular 

R{n+) = R-\h^ ~ \T^ - fr^. (3.17) 

This expression is not symmetrical between T and T. 

Reduction of the two-derivative action is somewhat interesting. Ignoring the dilaton, we start with the 
simple action 

e-^ C ^ R{n+) + \H^ ^ R - ^H'^ . (3.18) 

Note that this is not just R{Vt+). Reduction of i?(51+) is given in p.l7p . and reduction of H^ follows from 

dUD 

Putting this together gives 

e-^C = i?(fi+) + \H^ ^[R- \h^ - \T^ - fr^] + ^[h^ + St^] ^R- -^h^ - \T^ - \f^, (3.20) 

which now is symmetrical between T and T. 
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3.2 The reduction of X4 

As we had already seen in Section [2 .41 our couplings have six-dimensional counterparts with very closely related 
properties that, however, are lighter and easier to deal with. Hence as a warm-up we shall start from X4, a 
four-form quadratic in curvature, and then turn to Xg. 
We now take 



and reduce along e^. The result is 



x,{n+) = --^R-\n+) A B-\n+), (3.21) 



Xi{n+) = X4 + X3 A e^ , (3.22) 

where X3 is a closed form {dX^ = 0) but X4 is not {dXi = X3 A T). We can now construct 

X3 = dX2, 

-81:^X2 = [-R'"^{uJ+) + ^T^jT!lse'' /\e^ + jT^'^T]T^'^. (3.23) 

In particular, note that the combination X4 — X2 A T in p.23p is not only closed but is naturally built out 
of the combination T+. As a result, it is invariant under T -H- To Since this term arises from the even-odd 
plus the odd-even spin structure sector of the IIA loop amplitude, the actual contribution we are interested in 
is ^[X4(rj+) + X4(51_)], which picks out terms even in _ff. Nevertheless, A'4 — X2 A TJ . „ remains invariant 

under the interchange T o Tq 

We can explicitly "average" p.23p over the even-odd and odd-even spin structure sectors. For X4 — X2AT, 
we first note that 

-8tt^(x4-X2At] ==i?"'3(w+)Ai?"'^(w+)-ii?"'5(tJ+)AT^^T^5e''Ae'' + ii:>„(a;_)r+AD"(a;_)r+, (3.24) 

where 

D^in^)^^ = V^y";3 ± i-ff^^A^^ ± ^H^fi^Vx, (3.25) 

and similarly for uj±. As a result, we have 

~8tt^(x4-X2At) = ^[R'^^{io+)AR°'^{uj+) + R'^^{iJ-)AR°'^{u;^)] 

V / averaged 



(3.26) 



-\[R"^{io+)T^^T^s + R'^'^{LJ-)T^yT^s] A e^ A e* 

which is invariant under T-duality. From other side 

^8tt^X2 = -i[i?"^(c^+) + i?"^(c^_)](r+ + r_)"^ + i[i?"'^(w+) - i?"^(L^_)](T+ - T_)"^ 

averaged 

+ ^{Tl + Tl){T++T^) (3.27) 

transforms as a doublet under T-duality. Let us first note that all averaged quantities are derived from 
(X4(r2+) + X4{Q^)) /2 and contain only even powers of the NSNS three-form H. Hence X2I , is even in 

the combined power of /13 and T. It naturally splits as 



in^X^ 



averaged 



+ ^(T2+T2)(r++T_), (3.28) 

averaged 



^ Since X2 is defined as an inverse derivative on the closed form X3 (formally X2 = d~^ 11^X4, where i/. denotes the contraction 
with the isometry generator k), it is ambiguous up to closed forms. As a consequence, there is an ambiguity in the definition of 
the closed four-form X4 — X2 A T. Demanding that the latter is globally-defined and T-duality invariant fixes the ambiguity. In 
this sense, I I3.23I I gives the unique expressions for X2 and X4 — X2 A T that appear in the effective action. 

*We shall return to this point in Section 13.61 
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where — 87r^a;2l , are iust the first three lines of (13.271) . Both parts have a nice action of T-duality. For 

I averaged ^ ' ^ ^ "^ 

the first 

T-duality: i[52(c^+, 7+) + X2(w-, T_)] o -i[52(c^+,r+) - £2(c^-,T_)] , (3.29) 

and the averaged and anti-averaged two-forms X2 form a doublet under T-duality group. The second part is 
even more transparent: 

T-duality : (T^ + f^)T o (T^ + f^)f. (3.30) 

Note that the resulting expressions are now odd in the combined power of h^ and To 

3.3 The reduction of Xs 

We now return to ten dimensions and consider the reduction of Xs{^+). In order to do so, we need to consider 
both the single trace and double trace pieces. We define 

x^(n+) = - — ^, — trR(n+)'^, 

8V +) (27r)4l92 ^ +^ ' 

xi'{n+) ^ -^l^—{trR{n+ff^^x,{n+)AX,{n+), (3.31) 

and consider the single and double trace pieces separately: 

Xs{n±)^x^{n±)~x^{n±). (3.32) 

Before turning to explicit expressions, let us note that, as for X4, we may perform a horizontal- vertical decom- 
position 

Xs{n+) ^ Xs + Xj A e^ , (3.33) 



where dXg = X^ A T and dX^ — 0. As before we define Xq by Xy — dX^, and take the closed combination 
Xg — Xq A T. Similar decompositions hold for X^ and Xg . 
We first consider the single trace part: 

Xi{n+) = Xi + If A e^ (3.34) 

where 

192(27r)'*lf = [i?"'3(w+)-ir_^T_{'-iT^''T][i?^^(cj+)-iT_fr_7-iT^''r] 

-~D+T°^[R°'l^{uj+) - \T^tI - \T'^^T][R'^^{uj+) - ^T^Tl - \Tt^T]D+Tl 

+ \D+T^D+T^D+tId+tI. (3.35) 

This expression may be expanded in powers of T_ . By explicit reduction, we find that the closed combination 
Xq — Xq a T has no powers of T-. Instead, all T_ terms are contained in Xq . What this means is that we 
may simply set r_ = in p.35p to obtain 



192 



i2nr[xi-XiAT) = [R'^^ iuj+) - lT^T^][R^^iu+) - iT^Tl] 



x[i?^^(w+) - ir^r^][i?^"(c^+) - \tIt^] 

-D+T^[R'^'^ {oj+) - iT_^T^][i?^^(a;+) - \tItI]D+TI 
'\D+T^D+T^D+tId+tI. (3.36) 



^Such a flip of parity in H in characteristic classes built out of the connection with torsion plays an important role in D-brane 
worlvolume couplings to RR fields |33tf36l . These couplings, along with the pull-backs of RR fields wedged with characteristic 
polynomials in curvatures, contain partially contracted terms. Terms with an even/odd number of contractions have even/odd 
powers of the _B-field. 
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Note that Xq is defined by Xf — dX^ . The explicit form of X^ is somewhat unwieldy, but may be obtained 
by subtracting (|3.36p from p.35|) and then removing the extra two- form T from the result. We have checked 
that this indeed works. Some useful identities for performing this check are 

L'+i?"^(cj+) = 0, D+D+T^ = i?"^(cj)+r_f . (3.37) 

For the double trace (factorized) piece, we first work with 

Xi{n+) ^ X4 + X3 A e^ , (3.38) 

where X4{il+) was defined in p.21|) . The result was already given in p.23|) . but may be rewritten as 

-8n^(x4~X2AT] = [R°'^{uj+)~\T^t1][RP°'{uj+)-It1t^]-^D+T^D+T^. (3.39) 



Finally, with 
we have 



Xf (r!+) = Xi> + If A e^ (3.40) 



1 

192 
1 



8 — TTTTT 4 ^ ^^i 



X^-X^AT = —{X4-X2AT)AiX4-X2AT). (3.41) 



Subtracting these expressions gives 



'D 



1 



^6 ^T = -—-{2X4AX2AT-X2AX2ATAT 

192 



= -^{2{X4,-X2AT)AX2AT + X2AX2ATAT]. (3.42) 
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Removing one T gives 
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— (2(^4 -X2AT)AX2 + X2AX2ATy (3.43) 

We can put everything together now using (13.321) . Just as for X4, we may check that the combination 
-'^slf^i) ^ ^6(^±) A T and, as consequence, the averaged closed eight-form are T-duality invariant. Similarly 
to (13.271) . the six- form XqI , = (X^ — -^f? I I , can again be naturally split into two parts, both 

^ '^ ' ^ I averaged \ / ' averaged ^ ./ -t- r- i 

of which transform as part of a doublet under the T-duality group. In particular, for most of the six-form, 
T-duality exchanges the averaged and the (minus) anti- averaged expressions. 

3.4 A doublet of anomalous couplings 

We may finally turn to the discussion of the T-duality properties of the coupling B2 A [Xs{^'^) + Xs{fl~)]- 
Using the horizontal- vertical decomposition of the forms discussed above, we may write 

BA[Xs{n+) + Xs{n-)] = f biA[Xs{^'^) + Xsin-)] + b2A[X'r{n+) + X7{n-)] 
A/10 J M9 

biA(Xs-X6AT)\ ^^-hsAXel ^. (3.44) 

^ " " ^1 averaged "^ ^ I averaged ^ ^ 

A/9 

Since we start from an expression that is invariant under both NSNS gauge transformations B — > B + dAi 
and ten-dimensional diffeomorphisms, the reduction should yield an expression invariant under NS gauge 
transformations, nine-dimensional diffeomorphisms and U(l). The second line in p.44p makes such properties 
explicit, notably due to the appearance of the closed eight-form Xs — Xq A T in the first term. 

The T-duality properties are now equally transparent. Both 61 and Xq | , are doublets under T-duality, 

while ft-3 and {Xs ^ -^6 A T)| , are invariant. Hence the entire coupling transforms as a doublet. Namely 
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(|3.44|) is mapped to the IIB version of the couphng under T-duahty. Note that the latter vanishes in the 
covariant ten-dimensional IIB action, but due to the contribution of the winding modes on the circle it appears 
in the nine-dimensional acton. Perhaps more covariantly, the coupling can be written on an 11-dimensional 
manifold A^n, where dNu — Mio (and correspondingly c^A^io = Mg) 

H,A[Xsin+)+Xsin-)]^ f TA(XB-X6A^)|_^^,-d(;^3Al6|_^J . (3.45) 



Nil JNio 

So far we have only discussed the CP-odd part of the a'^ correction. Clearly the CP-even part should 
behave in a similar way, and we shall discuss these in Appendix |B] Unfortunately these are somewhat heavy 
(and they also appear to be less constrained than the couplings discussed in this section), and so we write 
down explicitly only the completions of the four-derivative X^ terms and not those of the eight-derivative Xg. 
In any case, the complete expression for the eight-derivative terms is not known to all orders in H. The study 
of the T-duality of the eight-derivative couplings appears to be the most feasible way of fixing these terms. 

3.5 The correspondence space 

It is natural to ask if any of the formal approaches to T-duality are helpful in understanding the a'^ couplings 
and fixing their ambiguities. In this regard, the correspondence space is a very useful tool for discussions of 
T-duality. We shall not give any abstract definitions, but will just look at the present case of interest. If the 
H-&UX satisfies the Bianchi identity dH = and respects the isometry, i.e. has vanishing Lie derivative with 
respect to the isometry generator k, namely CkH — 0, it produces a closed two form (with integral periods) 
given by the contraction T = ikH. In fact, if the space-time is a circle bundle over a base Mb, then T is 
horizontal, i.e. is a two-form on B, and we can think of the geometrization of H by combining it with the U(l) 
bundle over B into a T^ bundle. The total space of this principal fibration will be called the correspondence 
space, and the exchange symmetry of the two circles will correspond to T-duality: the curvature two forms T 
and T form a doublet under the T-duality group, and the topological numbers (27rci(Af), /^^ H ~ J^^ T) fo: 

the original background become ( /^-^ H — Jj^j T, 2ttci (M) ) [37] . By construction, the quantities computed on 

this formal double- fibered space will have the exchange symmetry and hence be T-duality invariant. 

Now suppose we do not use the connection with torsion, but instead reduce X4 on two commuting circles. 
The geometry of this reduction should yield expressions with exchange symmetry between these two circles 
built in. Since the reduction is fairly general, we take a metric of the form 



r 






ds'=r,^pe''e'' + }^idi;,+Ay, (3.46) 

i 

with an arbitrary number of circles labeled by i and then restrict to i = 2, which is the case we want to consider 
for T-duality. Let 

e' = dip,+A\ de' = T\ (3.47) 

The spin connections are 

This allows us to compute the curvature two-form 

^a/3 ^ ^a/3 _ 1 y* "^y* /J^g'^ A e"^ - It'^'^T' - iV^T*"''e'^ A e' + iT*"''T"^e* A e^ 
i?"J' = -iV^^^■"^e''Ae''-iT^■%^'="*e''Ae^ 
ffJ' = -^T'^'^T^ge'-' Ae\ (3.49) 

To keep the formula light, we shall just discuss X^ here; the discussion of the full coupling is very much 
analogous. We consider X4 = i?"** A i?°^, so that 

Xi=Xi + XY + \X^e A e^ + ^Xpe' A e^' A e^^ -f ^X^^'^'e^ A e' A 6*= A e' . (3.50) 
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Note that Xl-' and X^-' ' both vanish in the case we are interested in, where there are only two U(l)'s. Closure 



"-0 
of X4 then gives 



dXi - XIT' = 0, dXi - Xi^T^ = 0, dX^^ - Xl'^'T^ = 0, 

dip - Xl'^^T^ = 0, dXl^''^ = 0. (3.51) 



Explicit reduction gives 



^8^2 



where 



XI = dXl+X\^T\ 

Xl' = dXl' +Xl'''T'', 

Ip = dX'o'\ 

Xl'""' = 0. (3.52) 

~%tt'^XI'^ = ^T"^^T'I^^T^^°'. (3.53) 

Comparison with previous sections (notably Section [3T2|) shows that the expressions agree if /13 == 0. Indeed, let 
us restrict z, j = 1,2 and take {T'^.T'^) = {T,f). Then it is not hard to see that, provided hs = 0, X4 - X^T' 
in p. 521) coincides with X4 — X2 AT\ in p. 261) . Moreover, we can see that X2 i^^ p.53p agrees with 

(-STT^ial , + ^(r2+r£)(T+ + r_))|, ^, and X| agrees with (-STr^ia I ,. , + -^{Tl+Tl){T+ - 

V ^lavcragcd lb ^ t^ / \ t^ ^Jlh^—Q^ z o v ^ I anti— averaged lb ^ + /\ ^ 

r_)) L _„• Here we had to use the vanishing of ft-3 which implies the vanishing of either T or T. (We need to 

impose ft.3 = db2 — bi AT = = dh^ = —T A T). For /13 7^ one has to worry about the presence of a;+ and 
u!_ in X4 — X2T^; for Xj the mismatch goes beyond the curvature terms. 

This is not very surprising. While the correspondence space is a way of geometrizing the _B-field, it does 
not extend to the entire gerbe structure but only the part of it that, due to the isometry fc, reduces to that of 
an ordinary U(l) bundle. The symmetry of two U(l) bundles (and the curvatures T and T) is made explicit, 
but any twisting by the horizontal component /13 is at best to be performed by hand. 

We hope that working on the generalized tangent bundle (which does geometrize the entire _B-field) will be 
adequate. Furthermore, one may notice that imposing /13 = allows us to construct isomorphisms between 
the extension of the correspondence space and the generalized tangent bundle. We hope to return to these 
questions in the future. 

3.6 Side remark: T-duality invariance of the heterotic Bianchi identity 

In view of how constraining T-duality is, it may seem puzzling that X4 — X2 A T is T-duality invariant even 
without averaging. We close this section by discussing the raison d'etre of such an ostensibly "bonus" symmetry. 
In fact this invariance (without averaging!) is needed for T-duality invariance of the heterotic Bianchi identity. 
Indeed let us note that in dH ~ ja'tr R{fl+) A R{^+) — • • •, all (even and odd) powers of H appear and there 
is no averaging. 

To the best of our knowledge, T-duality invariance of the heterotic Bianchi identity with the curvature 
terms included has been discussed only for supersymmetric backgrounds [38ti40] . Provided these backgrounds 
have an isometry, one can show that the twisted connection is horizontal. Hence tri?(i7_|_)Ai?(J7+) is horizontal 
as well and its contraction with the isometry vector vanishes By decomposing the three form in terms of 
horizontal and vertical components, H — H3 + H2 A e, we get two components of the Bianchi identity: 

dH3 + H2AT = \a'trR{n+)AR{n+)-\atiFAF, 

dH2 = 0. (3.54) 



^The gauge part of the Bianchi identity has received much more attention, at least when the gauge group is broken to a sum 
of Abelian factors. Wc tacitly consider the simplest case without Wilson lines, and take tr F A -F to be horizontal as well. 
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We conclude from this that H2 = T is the curvature of the dual circle bundle, and arrive at the lower dimensional 
BI: 

dH-i = \atr R{uj+) A R{oj+) - ^a'tr FAF-TAT. (3.55) 

Of course, we expect T-duality to hold not only in the supersymmetric backgrounds. Using again X^lfl^) = 
— 8^tri?(a;+) A R{uj+) and the notation from Section |3^ we verify that the heterotic Bianchi identity on a 
background with an isometry yields: 

dH3 + H2AT = -27r'^a'Xi{n+)-^a'trFAF, 

dH2 = -2n^a'X+. (3.56) 

Note that since H2 is not closed, it cannot be exchanged with the curvature of the U(l) bundle T. However, 
since X^{n^) = dX2{^+) is exact, we can take 

H2^t-2n^a'X2{^+), (3.57) 

and hence define a closed two-form T, which is the curvature of the dual circle bundle. The first line in p.56p 
is now 

dHs = -27r^a'{Xi - T A X2) - \a'iY FAF-TAT. (3.58) 

In lowest order in a', {X4 — T A X2) coincides with the expression computed in p.24p which is T-duality 
invariant|3 As a consequence, the reduced heterotic Bianchi identity (j3.58p is also T-duality invariant to order 
a' . Proving the invariancc to all orders in a' should require inclusion of higher order corrections to the Bianchi 
identity and may also require a higher-order modification of the T-duality. 

4 Six-dimensional Heterotic/IIA duality 

Since the full supersymmetric completion of the eight-derivative terms go up to 0{H^), one would need to 
compute up to eight-point string amplitudes in order to completely pin down their form. Unfortunately, 
although there does not appear to be any conceptual issues in working out the eight-point function, technically 
it appears to be quite a challenge. However, by reducing the HA string to six dimensions on K3, we may 
perform a test of our conjecture in a simpler yet related setting. 

The resulting six-dimensional theory with 16 supercharges first admits four-derivative corrections of the form 
a' R^ along with its supersymmetric completion. Moreover, the tree-level ten-dimensional heterotic action is 
known at the four-derivative level |41H44) . and it may be straightforwardly reduced to six-dimensions on T"*. 
heterotic/IIA duality then maps this tree-level heterotic correction to the one-loop HA correction that we are 
interested in. 

4.1 The heterotic theory 

The four-derivative corrections arising from the heterotic string can be written concisely in terms of a connection 
with torsion il+ = ft + ^H and its corresponding curvature 

R{n+) = R{n) + ^dn + lnAn, -u"-'' = H^''^dx^'. (4.1) 

The bosonic Lagrangian takes the form 

e-i£ = e-^^[R + Adct? - ^^iJ^^^ - ia'trF^^ + ia'i?^.A.(fi+)ff'''^^(^+)], (4.2) 

where H has a non-trivial Bianchi identity 

dH = ia'tr R{VL+) A R{n+) ~ ia'tr F AF. (4.3) 



'^Note that the closed two- form f defined in JSTST}, which is exchanged with the curvature two- form T, differs from T used, 
e.g., in Section 13.21 



20 



The equations of motion corresponding to (|4.2|) in linear order in ot are 






R^u + 2V^V,(/. - \H^,p„B/" - \cl\.xF^pF,P + ia'i?^Ap.(^+)i?/''"(f^+) = 0, 



d{e-^'^*H) = 0, 
e^'^d(e~^'^ * F) + A A *i^ - *i^ A A + i^ A *iJ = 0. (4.4) 

Note the appearance of _R(51+) in both the effective action and the Bianchi identity. Of course, it is not 
hard to check that the structure of a' terms in the former ensures that only even powers in H appear. However 
this is not the case for the latter, and there is no averaging in H. In fact the covariant derivative on the spinors 
appearing in the supersymmetry transformations 

Si;^ = {dp + l{n_)^ + ---)e (4.5) 

involves a torsional connection with opposite torsion. 

The reduction of the hcterotic two-derivative action to six dimensions on T^ is straightforward, and gives 
rise to JV = (1,1) supergravity [2T1|45] coupled to 20 vector multiplets. In six dimensions, there are 4 + 20 
vectors, with four of them in the gravity multiplet. The remaining 20 vectors combine with the 80 scalars living 
on the coset 50(4, 20)/5O(4) x 50(20) to form 20 vector multiplets. The bosonic fields in the gravity multiplet 
are {g^^^B^^, (3 + l)A^,(/>). However, instead of a complete reduction, we only consider the six-dimensional 
metric, antisymmetric tensor and dilaton, as they will dualize to the NSNS sector of the IIA string. In this 
case, we can directly take (|4.2p as a six-dimensional heterotic Lagrangian, while at the same time discarding 
the heterotic gauge fields. To be precise, we write 

e-'C = e-2'A[i?het + 4902 _ ^h^' + la'Rll\An+)R'^'''^''^'^ {n^) + •••], (4.6) 

where the superscript 'het' indicates that these are the heterotic fields. 

4.2 Dualizing to IIA 

At the two-derivative level, Af = (1,1) supergravity admits two distinct formulations related by dualization of 
H. The heterotic version has a non-trivial Bianchi identity dH^'^^ ~ — (a'/4)tri^ A F, and was denoted A/" = 4 
in [21]. In contrast, the IIA version has a trivial Bianchi identity dH^^^ — 0, and corresponds to A/" = 4 in [2T] . 
Even when including the four-derivative corrections, we see that the heterotic H equation of motion in (|4.4p 
remains source-free. Thus we may simply extend the heterotic/HA duality map 

without additional higher-derivative modifications. This dualization is designed to exchange the three-form 
Bianchi identity with the equation of motion, so that 

dH^^^ = 0, d{e-^'^*H^^^) = \a'trR^''\n+)AR^''\n+)-la'tTFAF. (4.8) 

(We will discard the tri^ A F term, but have left it here for completeness.) Note that, while we could include 
higher derivative corrections to the map (j4.7p . such additions would simply correspond to a field redefinition 
of the IIA fields. As we will see below, the choice (|4.7I) in fact leads to our desired result for the IIA theory 
without further redefinitions. 

We now dualize the remaining equations of motion. At the two derivative level, the IIA dilaton and Einstein 
equations are obtained from linear combinations of the heterotic dilaton and Einstein equations. We find 

i?"^-4V + 4nv.-3^<j^/ + o(a') = 0, 

R'^,^ + 2W^W.^-\HJ^piHl'^'"^ + 0{a') = 0. (4.9) 

Note that the covariant derivatives are computed with the IIA metric, and that ip is the IIA dilaton. In order 
to complete these equations at the four derivative level, we must work out the 0{a') terms in both (|4.8p and 
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(|4.9|) . Since the higher derivative terms are buih out of R{Q+) we first compute 

+V[^ * if.]"' + 2 * ifp.f"a''V + 2(5£ * i/.]''l"9c<^. (4.10) 

Note that we have used the lowest order equations of motion to simphfy this result. In addition, all terms on 
the right hand side are IIA fields, although from now on we drop the 'IIA' notation to avoid cluttering the 
equations. The first and second lines of this expression have opposite parity. 

The heterotic dilaton equation of motion in (j4.4p involves the square of the heterotic Riemann tensor. Using 
(14.101) , and the lowest-order equations of motion, we find (after much tedious manipulations) 

e4^i?X-(f^+)2 = \R^,p,{n+f + \Ei-UR{n+) + \d^H^d^^^-\H^U^ + 2Hl,V^V''^, (4.11) 

where 

E^ - -le^e^Rin+f = -ie„^^,...^,e"'5"^--''^i?''i^^,,,(f]+)i?^^'^%3,Jf]_) 

- R^,p^[n+)RP''^'''{n+)-AR,,„[n+)R''^{n+) + R{n+)\ (4.12) 

Note that the dilaton factor is consistent with this being a one-loop term from the IIA point of view. The right 
hand side of (|4.1ip was worked out using 

R{n+) = R-jH^. (4.13) 

Furthermore, the Ricci tensor and Ricci scalar with torsion can be rewritten using the lowest-order equations 
of motion 

R{n+) = -2Dip. (4.14) 

For the H^^^ equation of motion, we work out tr R^'^^ A i?''°' where R^'^^ is given in (|4.10p . This will consist 
of two pieces, a CP-odd piece from the first line of (|4.10p wedged into itself plus the second line wedged into 
itself, and a CP-even piece from the cross-term. Again using the lowest order equations of motion, we find the 
CP-odd piece to be 

4;^ "'^tn CP-odd = (^[M-"' + 5^/'^/'')(^A.]"'' + ^Hx'-'H,]''') + (V[^H,'^'')(VAi/,]"''). (4.15) 

However, this can be written more instructively as the 'averaged' expression for ti R A R 

4;*"'^A'-ricp-odd - ^[i?[M."'(^+)^A.]"''(f^+) + Ri,.''\n^)Rxar\n^)]. (4.16) 

The remaining CP-even cross-term is somewhat unusual. It can be written as a divergence 

1 ^ uuXg nhct ab nhct ab\ xi^'T' f a a '~7\ 

IlM ^[t^v ^\a] IcP-cvcn ~ ^ ^ P-^^ ' (.4.1 I'j 

where Tpsx is completely antisymmetric 

Tpsx = iRt.uipsHx^'^'' -RpipHsx]^ + d[p'pV^'Hsx]p~2V^'{Hp[psdxw) 

+^{2Hp-''Hs''^Hx'^ + ^H^Hpsx) + ^d^^Hpsx- (4.18) 

Collecting the above results, we may write down the four-derivative equations of motion in the IIA duality 
frame. For H, we have the Bianchi identity and equation of motion 

dH = 0, 
S/^ie-^'^Hpsx + la'Tpsx] = -fa'iepi^'^^"^[%.'"'(f^+)i?A.]'^''(r!+) + R[^,-''{n^)Rx,f\n^)]. 

(4.19) 
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For the dilaton, we have 

e-^'P{R + 4:nip-Adip^-^H^) = 0. (4.20) 

Note in particular that this dilaton equation is unaffected by the one-loop a' correction. Finally, the trace of 
the Einstein equation is 

e-^'^iR + 20^ - \H^) = \a'[lR^,,p,{n+f + \E^ - UR{n+) + ia^i/^a^ - i^'n<^ + 2i7^,V^V>]. (4.21) 

For completeness, we would also want the uncontracted Einstein equation, which involves working out the 
uncontracted i?Jj5ipcr(^+)-^l!°*'*''"^(^+)- Although we have only worked this out implicitly using Maple and the 
dualization map (|4.7p . this was sufficient for us to uniquely determine the IIA Lagrangian. 

4.3 Finding a IIA Lagrangian 

Given the equations of motion (|4.19l) . (I4.20p and (I4.2ip . as well as the uncontracted Einstein equation, we now 
wish to obtain an effective IIA action. Since the CP-even and CP-odd terms are distinct, it is possible to work 
out the effective action in both sectors independently. 

4.3.1 The CP-even sector 

We start with the CP-even sector and work systematically by writing out the most general four-derivative 
Lagrangian for the metric, antisymmetric tensor and dilaton. Up to integration by parts, we write 

e"^<5/:cp-cvcn = aiRl,^, + a2Rl, + aai?' + /3iR^.xaH''''"H^% + /32i?p.-ff^"^-ff"a;9 + /S^RH^ 



-diR^.^d'^ipd^ip + S^Rdip^ + d^iaipY + (54( V) - eiO^V - ^2aip 



+KiH^dip^ + K2Hl^d''ipd''ip ~ K-iU'^U^p - h^hI^V^'Vlp. (4.22) 



Note that we have not yet used any lowest order equations of motion to simplify the above. 

We can match the equations of motion derived from this Lagrangian with those obtained from dualization. 
In practice, we work with the six-dimensional dyonic string solution [46j . and match coefficients symbolically 
using Maple with grtensor. The result is reasonably straightforward, and we find (up to an overall normaliza- 
tion) 



ai 


-1, 




a2 = 


-2 + K2 + K4, 


as 


- 5 ~ g'^l ^ 5'*2 + K3 + ^^4, 




/3i 


=-w 


•) 


P2 = 


1 1^ 1,^ 
-2 - 4'«2 - 2'*4, 


/53 


^ 12 + 4^1 + T2'*2 ^ 2^3' ^4 = 


-\ + \-^ 


71 


1 

~ 24' 




72 ^ 


16 '*2 + 16 ^^4, 


73 


288 96 '^1 96^2 + i6«:37 




h 


— — 4k2 


-4k4, 


^2 = -4ki - \5i, 


-53 


= f Kl + fK2 + 4k3 + 4k4 + §,54, 




ei = 


= 8ki + 


§(54, 




4 4 
£2 = -3K1 - 3K2 - 


- 4k3 - 


- 2k4 - ^<^4. 





(4.23) 

There are five undetermined parameters, which we have taken to be {ki, K2, ^^3, «^4j ^i^}- However these param- 
eters are unphysical, and may be removed by appropriate shifts. 

In particular, this Lagrangian is only determined up to expressions involving squares of the equations of 
motion. To be specific, we define the dilaton, antisymmetric tensor and Einstein equations 

Ef = R-Adip'^ + Anip^-^H^, 
E^^ - V^H^,x-2H^,xd^ip, 
E^, = i?^. + 2V^V.(^-ii/2^. (4.24) 

Since there are five quadratic combinations 

(^^)2^ j^^j^^^_ (^^2^ (^S)2^ (^^^^2^ (4_25) 
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there are precisely five free parameters in tlie recreated Lagrangian. Note that this freedom is not associated 
with field redefinitions. The field redefinition freedom is the ability to shift, say the dilaton by an appropriate 
function of the fields 

(fi^ ip + S(p{g^^,Bf,^,ip). (4.26) 

This changes the Lagrangian according to 

C^C + 5C^C + —5ip = C + E'^S(p, (4.27) 

dip 

where E''^ is just the lowest order dilaton equation of motion. (We have assumed integration by parts when 
necessary.) Of course, this works for any of the fields. So what we see is that field redefinitions allow us to shift 
the Lagrangian by terms linear in the lowest order equations of motion multiplied by an arbitrary combination 
of the fields and their derivatives. 

Examination of (|4.23|) indicates that there is a 'preferred' combination of terms in the four-derivative 
Lagrangian that is independent of the dilaton. The dilaton independent Lagrangian is simply obtained by 
setting the five undetermined parameters to zero, i.e. by setting Hi = and d^ = 0. This gives the CP-even 
four-derivative Lagrangian 

+ ±H^,xm''pH''\H^\ + ^{HY- (4.28) 

Since we claim the natural curvature quantities are computed out of the connection with torsion, O-i- = 
Q+^H, we wish to rewrite the Lagrangian in terms of R^vpa (^+) and its contractions. In particular, motivated 
by the string amplitude results, we anticipate an expression of the form tit/^R^ +E4, where the first term arises 
from the even-even spin structure sector, and where E/^ defined in (j4.12p arises from the odd-odd spin structure 
sector. For t^iiR^ , we have 

UUR{n+f = R^,pA^+f = Rl^p, + V,,i7,/''V,.ff/'' - R^.^x^H'^^'^H"-- + \{Hl,f - \h\ (4.29) 

where 

H^ = H^^pH'"'''H'''"=HP'"', (4.30) 

while for £'4, we find (allowing for integration by parts) 

E4 = Rl^p, ~ ^Rl, + {R-\H^f- m.^p^H^P'^H'"''^ + ZR^.H^ ^- - l^^Hl.f - \H\ (4.31) 

Inserting (|4.29p and (I4.3ip into (|4.28p . and choosing to use curvatures built out of $7+ then gives 

2e-i(5/:cp-cvc„ = Rp,pa{n+f + Ei + 4i?^,p,(r!+)i/^'"'i/'''^'^ - 4i?^,(r!+)ij2M- + lR{n+)H^ 

+ 1(^2)2 _ 2^4_ (432) 

While we would like to attribute the first two terms in (|4.32p to the even-even and odd-odd spin structure 
sectors, respectively, the remaining terms may appear to be an unexpected addition to the four-derivative 
Lagrangian. Note, however, that the three-point amplitude for the IIA string compactified on K'i was computed 
in [22], where it was found that the even-even and odd-odd sectors gave identical contributions at the level of 
the three-point function 

•^la-pt = Rpupa + 2^ t^H^°- V^i?^" = i?^^po- + RpupaH'^'P^H"""- H . (4.33) 

Here we have made use of the on-shell relation 

V^iJ,''''V,i/^'^' = 27?^, A. i?"^"-??""" + • • • , (4.34) 

which holds at the level of the three-point function. Comparing this with (I4.29P indicates that t4t4i?(J7_|_)^ is 
sufficient for matching the even-even sector at this level. However, £'4 given in (j4.3ip by itself is incomplete 
for the odd-odd sector. Instead, the odd-odd contribution must have the form 

^4 + mp,upa{n+)H^P-H'"'- + ■■■ = Rl^p, + R^.^p^H'^P'^H-''''' + ■■■, (4.35) 
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to agree with the three-point function. This suggests that the second and third terms in (|4.32|) both arise in 
the odd-odd sector. The remaining terms do not contribute to three-point functions, and hence cannot be fixed 
at this level 

We note, however, that the explicit R{il+)H^ terms in (|4.32p can in fact be written more compactly using 
the identities 

(4.36) 

and 

eeeei?^ = e^p^.,■■■^.,e''^'''■■■'''H^''''^''H,,,,aH^'-^''''H„,,,^, = -8{H^f + 24(H^J^ (4.37) 

The final result for the CP-even sector is then 

2e-i£cp-cvcn - UUR{n+f - ^e^e^Rin+f - \eQe^H^R{n+) - j^e^e^H^ (4.38) 

This is now written in a form where we expect the first term to arise from the even-even sector and the 
remaining three to arise from the odd-odd sector. We will demonstrate that this is in fact the case below when 
we investigate the closed string four-point function. 

4.3.2 The CP-odd sector 

Turning now to the CP-odd sector, we take a slightly different approach to constructing the effective Lagrangian. 
Instead of writing out all possible four-derivative terms, we conjecture that the purely gravitational correction 
B Ati R^ has a natural extension to the 'averaged' form 

e-^^CP-odd = le'^^^''p''B^p^[R,,-\n+)Rp,-\n+) + R^,''\n^)Rp,''\n^)] 

= e-ii[/:(+) +£(-)]. (4.39) 

This preserves gauge invariance under transformations of B since tri?^ — > ti R{fl+)^ shifts by an exact form. 
We consider this Lagrangian to be a function of both S^^ and 51+^"'', so that the variation of £*^+' is 

e-'SC^+'> ^ y^l'^'''P^R^,^\n+)Rp„'''{n+)SB^p + \e''l'^^''P''B^pR,,,-\^+)5Rp,'^\^+). (4.40) 

When averaged, the first term gives us the expected contribution to the right hand side of the H equation 
of motion (J4.19I) . However the second term is extra, and we would like to demonstrate that it vanishes when 
averaged. To do so, we first compute the variation of Riemann 

5R^,'^\^+) = 2(V[^<5n+,f " + iff[/=<5r!+,]^^ - iH[/^^r!+,]™). (4.41) 

and integrate by parts to handle the first term in (I4.4ip . The result is 

e-Hc[tL = -ie"^'"^''"[ii?pa/3i?M-"''(0+) + B^pV pR^,'^\n+) + B„^i^^/''(^!+)iJ/^]5fi+<,'^^ (4.42) 
We now use the identity 

V[,i?^,]'^^(17+) - -i?[p/[''if.]'^l^ - i/[^^[»V.i/,]^l^ (4.43) 

to obtain 

e-H6+l^ = -\e"P^''P^[\Hp^pR^,'^\n+) + ii?„^i//^iJ/'*i?p'^'']5f^+„"^ (4.44) 

Note that iJ^^^^i/iy'^'^i/p]'''' is symmetric under a -^ h interchange, so the second term vanishes. As a result, we 
are left without any bare B^p terms, and we have simply 

e-M4+),, = -\e^P^^^P^Hp^pR,,'^\n+)6n+,'^\ (4.45) 

Of course, we still would like to show that this vanishes when averaged. 
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For simplicity, we focus on the H equation of motion. In this case, we take 

^f^+Z" ^ i<5iJ^"'' - ie''"e'"'<5if^,p. (4.46) 

Furthermore, averaging picks out terms odd in H. After substituting in (|4.13p for i?pi/°''(J7+), we end up with 

e"M£extra = ^ j^e'^^'^'^P'' H p^p^ ^.H^^HH^'^K (4.47) 

We conjecture that this term vanishes using the lowest order equations of motion. In particular 

for the dyonic string solution. Assuming this holds, we have thus demonstrated that the CP-odd Lagrangian 
()4.39p indeed reproduces the right hand side of the H equation of motion (|4.19p . 

Combining the CP-even and CP-odd sectors, we have obtained the one-loop four-derivative contribution to 
the NSNS sector of the six-dimensional IIA Lagrangian using heterotic/IIA duality. The result is 

e-^AiA - e-2^[i? + 4V-s-ff'.p] 

+ ^a'e"/3A'-p-iJ„^ 1 [i?^^«6(^^)^^^ab(^^) + Rp,-\n_)Rp„''\n,)], (4.49) 

where (p is the IIA dilaton, and where the CP-even expressions are defined in (|4.29p , (|4.12l) , (|4.31l) , (14. 36^ and 
(|4.37l) . As a point of comparison, the supersymmetric completion of R^ in the context of the (1,0) theory 
was investigated in |47H50| . A complete result was obtained for the supersymmetrization of t^t^R^, while only 
a partial result was given for the supersymmetrization of the Gauss-Bonnet combination (corresponding to 
egeeR^). Considering only bosonic fields, the supersymmetric combinations took the form 

^4*4^?^ -^ t4t4R{^-)^ + B /\R{n^) /\R{n^), 

eeeeR^ -> eee^Rin+f + B A R{n+) A R{n+) + ■ ■ ■ , (4.50) 

where the ellipsis denotes additional terms involving H that were not determined. Although the Lagrangian 
(|4.49p pertains to the (1,1) theory (despite being incomplete in the RR sector), it is reassuring to see that 
it agrees with (I4.50p . In fact, we suggest that the additional eeH^R and eeH"*^ terms in (|4.49p complete the 
missing terms in (I4.50p . 

4.4 The one-loop four-point function in six dimension 

Although we have taken an indirect route to the IIA Lagrangian, (|4.49p . it ought to be possible to obtain it 
directly from a string worldsheet computation. This was in fact done at the level of the three-point amplitude 
in j32j . It is important to note, however, that the three-point computation cannot determine any of the H'^ 
terms nor any terms involving the Ricci tensor or curvature scalar. For those terms, one would have to go to 
the level of the four-point function. 

We focus on the kinematical structure of the six-dimensional one-loop four-point function in the odd-odd 
spin structure sector. It turns out that this is sufficient for the identification of the ee terms in (|4.49l) . thus 
allowing us to avoid a rather tedious computation of the full one- loop integrals. As in (|2.19p . we take the first 
vertex operator in the (—1, —1) picture, and the remaining three in the (0, 0) picture. The amplitude is then 
of the form 

A-o -- 0l\l, ■ ■ ■ d, U ■ dX{o)r' f[{tdx^^ + \a'h ■ i^r^ ) 

\ i=2 

4 "' \ 

^•ax(o)^''l[|(-^ax'^' + ia'fc, •viv^'on^'''*'^/ ' (4-51) 

1=2 

where the polarizations may be decomposed according to (j2.3p . 
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This amplitude can be expanded in the number of worldsheet fermions. Since we consider the odd spin 
structure in six dimensions, we must soak up six fermion zero modes. This gives four distinct contributions, 
arising from taking either six or eight fermions on the left in combination with six or eight on the right. The 
six fermion expressions are of the form 



while the eight fermion expressions are of the form 



(4.52) 



(4.53) 



We begin with the contribution from six fermions on the left and six on the right, keeping in mind that we 
focus only on the kinematics. Taking, e.g., both idX^^ and —idX^^ from the second vertex operator, we have 
a contribution of the form 



A, 
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eaMlfc3M3fc4P4e0^'lfc3^'3fc4^'4(3^"(O)aX''^(^2)aX^(O)aX''^(z2)^' 



^iki ■X{zi,Zi) 



(4.54) 



where we have omitted the polarization tensors for brevity. Note that we have introduced a shorthand nota- 
tion for momenta fc^ contracted against the e-tensor. The bosonic amplitude is complicated by possible zero 
mode contractions, {dX^^dX'^) ~ rj^^'^ , as well as contractions against the exponentials, {dX'^{zi)e^''^''^^'^^^) ~ 
fc''9A(zy)(e*'^^'^'^^J-'). This amplitude starts at O(fc^) with a pair of zero mode contractions and continues up 
to 0{k^) when all the dX^^ and dX^^ terms contract against the exponentials. The general expression is of the 
form 



A. 



^Q/J,! fc3/J-3 ^4/14 ^^fl fcs Z/3 A;4 1/4 



^a^^/^21'2 +^"-2^P 



+ J2(v''''K"k';'^Aiz2^)^A{z2,) 



+r,t'''''k^kpA{z,)dA{zj) + //""^fcf fc;aA(z2»)9A(z,) + r,^^'^k^k'^'dA{z,)dA{z2j] 

+ (77"'^^59A(z2) + Y. feffef aA(z,)9A(z2,)) {r]^'''ddA{z2) + ^ k^k'^''dA{z,)dA{z2j) 



1,3 



«j 






(4.55) 



where Sy = ki ■ kj. The first two terms in the square brackets originate from a pair of zero mode contractions, 
the sum from a single zero mode contraction, and the final product in the square brackets from the factorized 
left and right contractions. 

Since we are only interested in the four-derivative contribution to the effective action, and since there are 
already four momentum factors contracted against the e-tensors, we may guess that we could simply ignore all 
the /c-dependent terms inside the square brackets and also take Sij — ^ in the final line of (|4.55p . This would 
be the case, except for the fact that there are potential short distance singularities as Zij — >■ on the string 
worldsheet. The additional non- vanishing contributions arise from worldsheet integrals of the form 



fz, 

2^ 



dA{ztj)dA{ztj)x{zij , Ztj)"'^ 



As a result, we end up with an expression of the form 

-^66 



fc4 



^afllk3lJ,3k4,fJ.4^l3uik3l'3k4U4, 



„OlP„tJ.2V-2 _j_^af2„/3p2 



1,^2 . ^2 

■1.1 •' 



.„a^l.2„P'^2 



(4.56) 



(4.57) 



Although the relative factors between the terms may be fixed by performing the worldsheet integration, in 
practice we determined them empirically by matching with the effective action. Finally, recall that in deriving 
this expression, we singled out the second vertex operator in (|4.54|) . The full amplitude is obtained by summing 
over permutations of vertex operators 2, 3 and 4 independently on both the left and the right. 
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The next contribution we consider is for eight fermions on the left and six on the right. Taking eight 
fermions on the left is unique, while on the right we once again single out —idX'^^ from the second vertex 
operator. This gives 

AsG--e^,,k,.,k,.,{dX''{0)dX^{0)dX''-{z2)]Je'''^-''^'-''^^)U''{Q)r'{zi^^ (4.58) 

where we have performed the fermion zero mode contraction in the right sector. The boson contractions give 



j,k i<j 

while the fermion contractions give 

4 



(4.59) 



^86 



i=2 2<i<j<4 

~rK^ £afii^iikjkkfJ.k ' '^j ^afj.ikifijkkli.k ^ V ' ' ^afiikikjkkHk ) ^^\^ij ) ■ (4.DL)j 

In the above, the indices i, j and k take on the distinct values 2, 3 and 4. 

Combining (|4.59l) and (I4.60p gives an expression that starts at 0{k^). Hence any contribution at the 
four-derivative level must originate from momentum denominators of the form (I4.56P . We find 

- (Kj ^afj.2kafj.3k4,p,4, ~ V £ak2k3p,3ki^ii) 



A. 



86 



fe" 



^auik^uak^u^ 



Sl2 



+ I '12 ■ '^3^ailill2tJ-3kifJ.4 ~r "'2 ^QA"! A'2fc3fc4P4 t* "-3 ^atJ-lk2fJ.3k4fJ.4 V " ' £Q/Jlfe2fc3fe4A'4 / 

S23 

H (~K2 • 'S4£a/Ji/J2A'4fc3M3 ' "'2 ^QA"! A'2fc4fc3A'3 I" "^4 ^afJ.ik2fJ.4k3fJ.3 ~ V £Q/Jlfe2fc4fe3/J3 j 

S24 

(4.61) 

Note that the full contribution will include permutations of 2, 3 and 4 on the right. In addition, the amplitude 
^gg with six fermions on the left and eight on the right is simply related by interchange of {^i} O {vi} in the 
above expression. 

Finally, there is the contribution with eight fermions on both the left and the right 

/ 4 \ 



As ~ {dx'^{o)dx^io)Y[, 



^iki-X(zi,Zi) 



^^"iO)^JJ^'izl)Y[h■^iz,)^P^'{^^) 



i=2 



xli>^{0)i>^^'{zi)l[h-i>{z,)i,^'^{z,) 



(4.62) 



i=2 



At the lowest order, only the bosonic zero mode contraction is important. The amplitude is then given by a 
product of (|4.60p with its conjugate. Again, we identify only the pole terms of the form (|4.56p . The result is 



A 



/c-i 



4 I 

/ , Z \ i ^atiikjfijkkfik ~ V '^akikjfijkkfJ.k) \'^i ^autkjVjkkVk ~ V ^ ^akikjVjkkVk) 
2=2 ^'^ 

/ , '~~\~'^i ' '^j^a^iifiifijkkfJ.k '' '^i ^ap,ip,ikjkkfJ.k ~T~ '^j ^afiikifj.jkk fik ^ V ' '' ^ap.ikikjkkp.k ) 



2<i<j<4 



X( ki ■ kjeauiUiVjkk^k '^ k^ ^auiVikjkkVk + "^7 '^ai'ifci^'jfcfci'fc '/ ' ' ^auikikjkkfk ) ■ 



(4.63) 



This amplitude is complete, and in particular no sum over permutations is needed, as the eight fermion terms 
in the expansion of (|4.51l) are unique. 
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4.4.1 Recreating the effective Lagrangian 

At the four-derivative level, the odd-odd four-point amplitude is given by the sum of -Agg, .486, -^68 ^-nd -Agg, 
given by (14.571) . (|4.61l) and its conjugate and (|4.63l) . This amplitude captures the scattering of gravitons, 

(i) 

antisymmetric tensors and dilatons, depending on how the polarizations 9fi{, are chosen. We are primarily 
interested in the scattering of four gravitons, of two gravitons and two antisymmetric tensors, and of four 
antisymmetric tensors: 

h-h'-h-h, h-h-b-b, b-b-b~b. (4.64) 

(Amplitudes with an odd number of antisymmetric tensors automatically vanish.) 
We now take an effective Lagrangian of the form 

C = Aroc + CSp, (4.65) 

where £trcc is given by (j2.1ip and >C°J° is given by the parameterization (j4.22p . For simplicity, we remove 
the dilaton terms in £fj° by setting 5i — Ci — Ki — 0. This assumes, of course, that the dilaton couplings 
are absent in the string frame, and is motivated by the result of heterotic dualization. We will see that this 
assumption is justified in the end by our ability to self-consistently obtain an effective Lagrangian reproducing 
the string amplitude. 

At the four-point four-derivative level, the scattering amplitude receives contributions from s, t and u 
channel exchange diagrams as well as from a four-point contact interaction. The exchange diagrams involve 
a three-point interaction from £troG connected to a three-point interaction from C^^° by either a graviton, 
antisymmetric tensor or dilaton propagator. The four-point contact term comes only from C°^°. Recreating 
the effective Lagrangian by matching the amplitude computed from (|4.65p with the string amplitude is a 
rather tedious exercise. So instead we have taken a shortcut by matching amplitudes involving a specific basis 
of momenta and polarizations with the assistance of Mathematica. As a technical note, while (|4.65p is given 
in the string frame, the actual scattering amplitude is computed in the Einstein frame, as that corresponds 
directly with the choice of polarization tensors (12. 3p used in the string vertex operators. 

Up to an overall normalization, we find that the effective Lagrangian that generates the odd-odd string 
amplitude is 

+ ^,{H^f-\{Hl,f + TAH'- (4.66) 

We may now compare this with the CP-even four-derivative Lagrangian obtained by dualizing the heterotic 
string. The most straightforward comparison is with (|4.28p and (|4.29l) , and the result is 

e'^^o% = 2e-i/:cp-cvc„ - R^,x„{^+)\ (4.67) 

or equivalently 

2e-i/:cp-cven = UUR{n+f + e-ir^oop. (4.68) 

Since C°^° here corresponds to the odd-odd sector, we conclude that t4t4,R{Q,+ )'^ arises from the even-even 
sector. Furthermore, this justifies the identification of the remaining terms in (|4.38p as arising from the odd-odd 
sector. 

5 H^B? and H^R^ terms in ten dimensions 

At this point, it is worth recalling what we have learned. Based on a combination of four and five point function 
results, we have conjectured in Section [5] that the one-loop eight-derivative effective Lagrangian for the type 
II string in ten dimensions takes the form given in (|2.45l) in the NSNS sector. In particular, for all except 
the odd-odd spin structure sector, the Lagrangian is obtained from the purely gravitational correction by the 
replacement R — >■ i?(J7+), where 0+ is the connection with torsion defined in (I2.33p . We have given evidence 
for this conjecture by considering T-duality in Section [3] and six-dimensional heterotic/IIA duality in Section |4l 
In fact, the six-dimensional four-derivative Lagrangian, (|4.49l) . provides additional information about the 
five and six-point function results in ten dimensions, albeit up to some ambiguities. To see this, we recall that 
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(|4.49|) is obtained by K3 compactification of the IIA string. This ahows us to hft the six-dimensional four-point 
function to a ten-dimensional six-point function with two legs on K3. 

Before considering the lift, it is more straightforward to start with the reduction of (j2.45p on a background 
taken to be the direct product of K3 with a six-dimensional spacetime. In this case, the ten-dimensional 
Riemann tensor with torsion, R{Q^), splits into separate internal and external parts. Furthermore, since 
there is no internal H-Qmx, the internal Riemann is torsion-free. In this case, only the factorized parts of 
(|2.45p contribute to four-derivative couplings in six dimensions. The reduction follows by making use of the 
topological data of K3 
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^ J^ d*xVh{Rl,p, - ml, + R^ 
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cf{K?,) = -16, 
x{Ki) = 24. 



(5.1) 



We find 



£ 



loop 



K?. 



{2^T^/a'Y 



+ ^B2 A i (tri?(17+)2 + tr i?(f}_)2) 



(5.2) 



Note that the H^ {V H)^ R{il+) term in ten dimensions does not survive the K3 reduction. The dimensionful 
factor out front may be absorbed in the six-dimensional gravitational constant along with the definition of the 
six-dimensional dilaton. The terms in the square brackets then match their six-dimensional counterparts given 
in (|4.49p . except for the eeegi?^ term, which was unspecified in ten dimensions. 

The reason the egegi?* term was not seen is that it uplifts to an expression of the form eioeioH^R^, which 
can only be probed by six or higher point functions. Of course, we can directly lift (|4.49p on i^TS, and thereby 
make a prediction for the six-point function. However, there is a slight complication involved, and that is that 
there are several possible ways to write out the six-dimensional H^ term with two e tensors. In particular, 
there are six natural combinations 
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6i/^ 



■=a/J0Ml---M4^ 



auQUf^Vi 



iJ'^«^^^=iJ.„.,.,iJ'^^'^*'^iJ.3.,„ = -l2[{H'Y-i{H'Y] 



(5.3) 



We have defined the eQe^H* term in (|4.37p to match A2- However, it could equally well have come from other 
contractions, such as 



|A, 1(4^1+ A), i(9y^i-fA), 1(4^3 +y^4), 1{9A3+A5) 



(5.4) 



or any linear combinations thereof. All six possible terms, Ai, . . . ,Ae, have a natural lift to ten dimensions 



by taking eg — > eio and multiplying by R^^'^'^'^ y^v^{^+)R^^'"^ 



, (J1+). Because there are multiple possible 



contractions between H and Riemann in ten dimensions, we expect these lifts to be distinct. Hence there is 
an ambiguity at the level of H'^R^ that would be resolved by explicit computation of the six point function. 
Schematically, we expect the lift of ()4.49p to take the form 



23-^50 



hft 



tstsR{^-\ 



eeR{il+f + a„F2"i?4-«(f^^) 



(5.5) 



where the kinematic structure of the last term is left unspecifie and the ellipsis indicates possible gradient and 
Ricci terms. The H'^R^ term is fully specified by the five-point function, and is given in (|2.45p . based on the 
result of [H]. As we have just seen, the H*R^ term is partially determined by the uplift of the six-dimensional 
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Lagrangian. However, an ambiguity remains as the lift is not unique. Finally, since there is no internal _ff-fiux, 
the six-dimensional result cannot make predictions about the structure of H^R and H^ terms. Finally, since 
this lift of the six-dimensional Lagrangian confirms the presence of these additional H^"R'^~^ terms in the odd- 
odd spin structure sector, is suggests that there is either some subtlety in the computation of the five-point 
function in the Green-Schwarz formalism or in properly identifying the effective Lagrangian in Tf, which did 
not find these additional terms. 

6 To eleven dimensions and . . . back 

The one-loop _/?■* couplings are intimately related to M5 anomalies, and their lift to eleven-dimensions has a 
number of important applications o Due to the fact that the generalized curvature terms are even in H, the 
modified couplings can lifted to eleven dimensions. Roughly, since the H's always come in pairs, the new 
eleven-dimensional indices coming from Hf^^p -^ G^iypjj also come in pairs and can be contracted with each 
other. We shall do this lift by considering the simplest situation when the eleven-dimensional spacetime is a 
direct product Mn = Miq x 5^, and G^^pn is the only non- vanishing component of the four-form G. However, 
having obtained the full eleven-dimensional coupling this way, we may subsequently perform the reduction on 
a nontrivially fibered circle (non-trivial graviphoton) and with generic G, yielding both the NSNS three-form 
H as well as the RR four- form _F4. This way we would, in principle, obtain the full eight-derivative one-loop 
coupling in HA involving all RR fields. 

Let us briefly recall the story without B2 (or C^). Taking the eleven-dimensional metric to be 

ds2^ =6-^/3 (ds?o-He'^(d^-fA)2) (6.1) 

yields the IIA action in the string frame. Note that the tree-level R^ terms do not survive the eleven-dimensional 
decompactification limit, while the one-loop terms lift. When Mn = Miq x S^ the reduction is well understood, 
and the ten- and eleven-dimensional terms are related as 

^[ B2AXs{R) o (J]l^^)ll f CsAXsiR). (6.2) 

Note that the radius of the circle does not need to be taken constant, since due to the conformal invariance of 
Xs the dilation drops out of the ten-dimensional coupling. The reduction of the eleven dimensional completion 
of (tgis ~ geio£io)-R^ is more subtle, as these terms are not conformally invariant. However, one can show that 
the expression with complicated dilation dependance obtained via the direct reduction is on-shell equivalent to 
the standard one- loop term without dilation, as discussed in [57^. We shall return to the dilation shortly. The 
reduction with nontrivial graviphoton has been discussed in i58_ . 

Before considering the lift of the ten-dimensional term to eleven dimensions, let us look at the four-form 
G. Define the O(l,10)-valued one-form 

gf " = AGppxdx^'e'"'e^Pe''^ . (6.3) 

With the standard reduction G4 — F4 + H^ A e (with e = dtp + A, and the induced ten-dimensional Bianchi 
identities dH^ — and dF4 — H3 A F2 — 0) and using the metric (|6.1|) . we can see 

gabc _^ ^^cl,/2j,abc.y^ab^^ ^g_4^ 

where J- and H are 0(l,9)-valued one-forms. Of course the latter is familiar and enters the connection with 
torsion 51± = f2 ± ^H. It is important that the H that arises from the reduction of Q comes without powers 
of the dilation, and hence all NSNS sector terms produced from reduction of the modified eleven-dimensional 
i?** terms are at one loop. 

It is useful to write down the explicit expressions for the characteristic class computed from the connection 
with torsion J7± = 51 ± ^H, where H""^ = H^/^^dx^ . Of course the shift in the connection results in a shift of 



*While the supersyinmetric completion of the eleven-dimensional ij* term may be studied directly [514456) . the lift from ten 
dimensions provides a complementary approach as well as potential new insight into the web of dualities. 
®We shall hat all the eleven-dimensional quantities. 
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the characteristic class by an exact term. In particular 

pi{n±) = --L hri?2 + d (±tvHR + hrnvn ± ^ti-'H^ ) ) , (6-5) 

and similarly for p2 (although for p2 the shift term is very long and not very enlightening). We can write down 
the relevant averaged quantity 

X4 = i {p,{n+)+p,{n_)) = -^ (trR' + ^dtrnW-h) . (6.6) 

This four-form appears in the six-dimensional couplings and is to completed in the CP-even sector by (|4.38p 
or equivalently (|4.28p . The ten dimensional couplings involve the following eight-form: 



X, 



1 



192(27r) 



tri?4-i(tri?2)2 
4 



d (itr (nS/nR^ +'HR\/'HR + 'HR^\/n) -l(trR^tr'H\/'H + 2tr'HRtrR\/'H) 
\2 8 

-^tr {2n^{wnR + Rvn) + urh'v'h + nvnu'R) 

- i (tr nvn trRn^ + tr Rwn tr n^ + tr wnn^ tr nR) + 

^tr \/nn'^ - -^-trs/nn^ti-n^ + l^tr ms/nf - -^tr-nvntr (vh)^ 



(6.7) 



In order to discuss the lift to eleven dimensions (or as a toy example from six to seven dimensions) we think 
of the simplest situation when Mj^+i = Md x S^, i.e. the higher-dimensional spacetime is a direct product 
of the lower-dimensional one with a circle at fixed radius, and -ff^^i/p = G^i/pii and G^^pX = 0. One can 
simply add an extra summation index on % and then check that (j6.6p and (j6.7p are correctly reproduced from 
higher-dimensional couplings|^ Note that taking Mn to be a generic circle bundle and taking generic G4 we 
recover the full IIA set of our eight-derivative couplings at one loop, with RR fields (the three-form and the 
ten-dimensional graviphoton) included. 

We start with the lift of the six-dimensional CP-odd term. The seven-dimensional lift of the coupling 
involving the four-form (j6.6p is rather straightforwardrH 

}-^B2AXi -^ -^ CsA(^trR'~^d{g^'^A{Vgr''^)y (6.8) 

Even the lifting of its CP-even completion is not too difficult. The action (|4.28p lifts to 

+ ^G^,XpG^P''pG'"'P^G^^^„ + 28^(G2)2 - 2ig(G^,)2 -I- (eom)2. (6.9) 

The eleven-dimensional lift of (j6.7p is going to be a little more troublesome, and we do not fully know its 
CP-even completion so will not attempted the lift. We note that there are again ambiguities associated with 
this lifting as the number of possible terms in ten dimensions is larger that their ten-dimensional descendants. 
Consider, e.g. 

tr-H(VH)3-itr-HVHtr(VH)^ -^ 

Ago.bcygbdeygcdfygefa ^ ^gabcy gfccdygde/y ge/a ^ CQ^'^'V g'''"'Vg'"^fVg'"^f . (6.10) 



^"Crucially Q°-^^^ — ^ f-l'^'^ has the right scahng to keep the shifted terms at one-loop. 

^^ There is a shght catch — diflferently from the eleven-dimensional lift, there should also be four-derivative couplings involving the 
vectors. (Recall that the 0(4, 20)/O(4) X 0(20) moduli space in six dimensions lifts to seven-dimensional 0(3, 19)/0(3) X 0(19).). 
We will be ignoring these here. 
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The first term reduces only to a single-trace contribution in ten dimensions (if one keeps track of only terms 
made of H), and the last term reduces to a double-trace, while the term in the middle can give rise to both 
types of ten-dimensional terms. Similarly, 

tr wnn^ - itr wnn"^ tr n^ -^ 

6 



^gabggghcgc 



dh 



j^'ghdegefigifa _^ j^l gdei ge f h gi f a 



(jlygabggbchgcdggdeigefhgifa ^ jjlygabigbci gcaggdehgefh gf dg /g ^^\ 

with the first line reducing to single-trace piece in ten-dimensions, the last term to a double trace and the first 
term on the second line to a mixed piece. Once more, getting the full IIA coupling is now just a mater of 
reduction. Note that by construction all couplings will have even powers of RR fields, as they should. 

Although the full eleven-dimensional lift is rather tedious, we may highlight the terms that will arise up to 
cubic order in the three- form C . Starting in the CP-odd sector, we lift B2 A Xg,, were we only explicitly retain 
the first two lines of (16.71). The result is 



SoAXr 



192(27r) 



c ^ [ti R^ -\{iT it 



_ 2^2 



-G^ 



deAdae 



( ]^ I E>^^ rihcAcde-^rfdae , o -hah Ahce -ncd-^Adae ^ f?^^ rybcjrj /icde A^ 



-^ ( tri?2 A g^be^gb'^'^ + Qfiabgbae^cdgdce 



.12) 



In the CP-even sector, we need only work to quadratic order in C. For the even-even sector, we have, 
schematically 

tstsR{n+T = htsiR^ + 6{VHfR^ + 2H^R^ + ■■■). (6.13) 

The lift of tstsC^ H)^ R^ is, unfortunately, not as straightforward as it may appear. A simple attempt at the 
lift would be to take 

''8 '•1/1 ■ ■■1/8 Ml-'-' ^2 ^M3-'-'A'4 -''■A'sMe -''-A'tA's 

V 4-P-1---I-I-8J-S vy /^ i^i^2air7 (^ v^Viaff v^vq f} viva ((\\A\ 

' "-S ''i^i-'-i/g ^ A'i""A'2 ^A'3'-^A'4 -'Vs/Je -'VtA's • l"--'-^^ 

However, the reduction would generate terms with not just a = 11 (as intended), but also /i2 = /i4 = 11 and 
i^i or 2 = ^^3 or 4 — H- Thcsc Undesirable additions can be avoided by expanding out the tg^s contractions in 
full, and then lifting each individual term in the expansion. This, however, leads to a proliferation of terms. 
We will not attempt to write out this lift, but we instead note that a direct eleven-dimensional construction of 

the (VGYR? terms, which we denote by A£ f (VG)^.R^] , is given in [531I59H6T] . As discussed in [53], the circle 

reduction of A£ ((VG)^i?^) matches tg,tg{VH)^R^. (Moreover, when compactified on K3, it agrees with the 

(VG)^ term in the seven dimensional action (16. 9p .) Hence this expression is indeed the desired lift (up to a 
few ambiguities that are fixed by the five-point function). The lift of t^t^H^R^ is more direct, and we find 

tstsRin+)^ -^ tstsR'' + AC ((VG)2i?2) _ t^--^«i8^...,^G,,/^'^''G^/^«^i?^3^/^''^i?^,^/='^«i?^,^3^^'^« + • • • . 

(6.15) 
For the lift of the odd-odd part of the CP-even sector, it is best to start from (|2.32p . which keeps all the H 
terms explicit. (Moreover this expression demonstrates that there are no V-ff terms contributing at quadratic 
order.) The lift then takes the form 

_ lg,„g,„CR4 I 2 rr2n3 I \ , _ J_ aMvi---vs ntiiti.2 r>M3M4 C>A«5M6 Wlt^s 

L<r ,Qi^i---i^io/^A'iM2 /^fJ-afJ-i pPsMe DMtA's p^'g/^io 

gg'^Q^l---/ilo'^ '^ VlU^^^' V3VA^^ 1/51^6-"' 1/71^8-'^ I'gi'io 

+ ■■■. (6.16) 
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We now collect (j6.12|) . (|6.15p and (j6.16|) to give the eleven-dimensional Lagrangian 



A£ (VG)'i?" +(47rKfi) 



.2 ^2/3 



.2 \2/3_ 



-(4^«ii) 



-0{G') , 



G 



192(27r)'i 



tgXsG R — ggeiieiiG i? 

j_ / T^ab fyhc/^cde-^/^dae . ty fyab/^bce fycd-^/^dae i fyab rybc-^ Acde/^dae 

4 V 

-^ ('tri?^ A g'^be^gbae _^ Qj^abgbaej^cdgd 



(6.17) 



where t^t^G^R^ and enenG^i?'^ are implicitly defined in (|6.15p and (I6.16p . respectively. The relevance of this 
Lagrangian will be discussed shortly. The eight-derivative terms in the first line are standard [TTJ[B2]. The 
difficulties in the direct eleven-dimensional construction of the G^R? terms are discussed in 1561. 



7 Discussion 

We shall conclude by providing a partial list of questions that was not addressed in this paper. 

Dilaton: We have mostly ignored the dilaton in our discussion, and believe that our expressions are correct. 
This point of view is vindicated in part by the discussion of Section 21 where the absence of the dilaton in the 
complete six-dimensional action (|4.49l) is a result of the dualisation (and not simple a "result" of ignoring the 
dilaton). It would have been nice to be able prove this in full generality. One could have imagined the correct 
dilation dependance to come from a reduction from M-theory to type IIA. Let us recall what is known about 
this without modifying the a'^ terms by H . It is not hard to show that, as far as the one-loop topological part 
goes, the reduction C^AX^{Ct) — > B2AX%{^) produces no dilaton-dependent terms. Such terms naively arise 
in reducing the eleven-dimensional (ig^s ~ ■h^ii^iijR^ terms from eleven to ten. However they can be shown 
to be on-shell equivalent to the standard (is^s ~ \^w^w)R^ one-loop terms without any dilation dependance. 
The mixed terms involving eleven-dimensional curvature and four- form flux G discussed in Section [5] do yield 
dilaton-dependent terms upon reduction. We have not verified that, as expected, this dependance can be 
eliminated on-shell so that the action p.45p receives no contributions from the dilation. 

Higher orders in a': We have worked here at lowest relevant order in a'. One of the results of the six- 
dimensional calculation of Section |4] is that the classical duality map between heterotic and type IIA theories 
(|4.7|) receives no modifications at order a' . On the contrary, it seems such modifications will be needed for the 
T-duality transformation in heterotic strings in order to be able to verify the correct T-duality transformation 
of the heterotic Bianchi identity to all orders in a' . In many ways it seems like T-duality might be the most 
tangible way of computing couplings at higher orders in a'. 

Higher orders in a' also arise in the low energy expansion of the string scattering amplitudes. While we 
have focused on the a'^ coupling, which requires an eight-point function to pin down the H^ term, there have 
been complementary studies that stick with the four-point function, but work to all orders in a' 



Fixing the ambiguities and generalized geometry: In two instances, namely in Section[5]and SectionlHl 
we have obtained some information about the higher-dimensional couplings from lower-dimensional ones. As 
we discussed, these lifts are ambiguous. In particular, up to this ambiguity, we have discussed H^R^ and 
H*R^ terms here and have left H^R and H^ terms completely unfixed. Most likely T-duality provides a more 
realistic calculation path towards fixing these terms than direct string seven- and eight-point calculations. For 
the eleven-dimensional couplings of Section |6l supersymmetry is a priori the only available tool 51-56 . In 
this context, not to mention the obvious self-interest, a formal understanding of the couplings in terms of 
generalised geometry might be very interesting. Indeed, on the generalised tangent bundle E 







■T*AI 



■E 



■TM 



■0, 



(7.1) 
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the torsionful connections fl± appear naturally, and one is led to asking how much generalised geometry 
captures the systematics of the string perturbation theory, and not just classical supersymmetry. Hopefully we 
have provided here enough information about the higher-derivative couplings to use as a meaningful guideline 
in search of "characteristic" higher-curvature objects in generalised geometrvrn Finding these is probably the 
most practical way of completing (|2.45|) . 

Theories with eight supercharges: Finally, another venue of research is to study Calabi-Yau reductions 
of the modified couplings and their effect in A/" = 2 four-dimensional theories (and related six-dimensional 
(1,0) theoriea^'^r). As already remarked, not all the ambiguities in Q;„i/'^"i?^^"(ri+) have been fixed for n>2. 
However, most of these terms are not relevant for Calabi-Yau compactifications. In fact, ior J\f — 2 actions 
arising from reductions without internal fluxes, for the couplings involving up to four derivatives, only terms 
at most cubic in H are relevant. In other words, the action in (|2.45p should suffice. It is known that R^ terms 
coupled to scalars in vector multiplets descend from ten-dimensional W^ terms. Our ten-dimensional couplings 
seem to predict four-derivative couplings quadratic in H. However the B-field in Calabi-Yau reductions of 
the IIA theory is a part of a hypermultiplet, and hence the study of the modified couplings in the Calabi-Yau 
reductions can provide interesting knowledge about the interactions between the hyper and vector multiplets 
beyond the well-known two-derivative factorization of the respective moduli spaces. In this context, the fact 
that the eleven-dimensional action up to cubic order in three- form C, (j6.17p . is known without ambiguities 
becomes very important. 
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A Conventions, definitions and some useful formulae 

We collect here some of our conventions and useful formulae. 

> Connections and curvatures: The connection with torsion is defined as ri± = fi ± ^H, which reads in 
components 

The curvature computed out of il± is then 

R{n±) = R±^dn + ^nAn, •h"'^ = ii^^^dx'^, (a.2) 

or in components 

Rin^)^.."^ = R^."^ ± V[^iJ,]"^ + iiJ[^"^iJ,]/. (A.3) 

where Rf^u" denotes the Riemann tensor. In all quantities computed from connection with torsion we write 
the argument Q±. The quantities without an argument by default use the Levi-Civita connection. Note that 
R{Q±)fji,°'^ satisfies a useful Bianchi identity (due to closure of H): 

R{n+)^^ap = R(Sl-)aPt,y . (A.4) 



^^An obvious, though likely naive, obstacle is that on E differently from Riemannian geometry the no-torsion condition does 
not lead to an unambiguous generalized Riemann tensor [69| . This causes no problems as far as the two-derivative supcrgravity 
is concerned. 

Note also that E captures the information about the metric and the B-field, and in order to cover the full NSNS sector one 
has to work on E ® L where L is a trivial line bundle with sections exp(— </)) g L. Hence thinking about the relation of the a'^ 
coupling in generalized geometry will most likely also provide a natural way of incorporating the dilation in the couplings. 

^•^For the (1, 0) theory, only the special case where the gravitational terms do not enter the Bianchi identity was considered so 
far EIHSQ]. 
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Finally, we use R{Q±) for the linearised curvature. 

[> Backgrounds with isometry: For testing the T-duality properties, we shall consider U(l) fibered back- 
grounds: C/(l) ^^ M — > Mb- The curvature of the globally defined smooth one-form e is denoted by T: 
de = TT*T and T E H^{Mb, Z). For H respecting the isometry, we have 

Ha^h^+TAe, (A.5) 

where /13 = dfej -hAT, so that dhs = -TAT. 

The connection fl± can be written in terms of horizontal quantities: 

nf = c^f -i(rTT)"^e, 

nf = -i(r±f)"^e'^, (A.6) 

where a;+ = oj + -^h- 

R°'^{uj±) = R'^l^ ± ^V^hs'^l^e'^ Ae^ + lh^°"hs/e'> A e^ . (A.7) 

And the Bianchi identity for i?"^(cj+): 

R{^+)fj.iyaf3 = R{^-)aPfj.iy + Vjq/i^^i,] = R{uJ-)a(i^lU - T^apT^^^^ . (A. 8) 

l> Odd-odd sector: Throughout the text we use a shorthand notation for quantities such as eioeio-R^- These 
expressions use the covariant epsilon tensor so that e.g. 

finfinW — f « ,a/3iyi-iys D/ii/i2 DM3M4 D^5M6 dMtMs f A q^ 

Note that a pair of indices is contracted between two epsilons. It is not hard to check that 

eioeioR\n+) = eioeioi?*(fi-) (A.IO) 

In the odd-odd sector one also encounters other structures, such as 

^,„^,„r72D3 _ ^auoiyi---us fJtJ.itJ.2 jj Mo 0/^3/^4 pMsMe DM7M8 ('All'l 

with only one index contracted between two epsilons. Even if we use a similar shorthand for the terms with 
higher powers of H, their structure is less algorithmic, and specific contractions are spelled out in the body of 
the paper where needed. 

I> Even-even sector (tg tensor): A similar shorthand appears in the even-even sector expressions: 

icicR^ — f f RM1M2 E)M3M4 pt^5tJ-6 DMTMS (A lOA 

LgtgJt '-^i---^8^^1"'^8 '' 1^11^2 '' 1/31^4-^'- 1^51^6 '' i^ri^s ■ V / 

The tg tensor is antisymmetric within a pair of indices and is symmetric under exchange of a pair of indices: 

t fll tl2 ■ ■ ■ l^a ^^M2MlM3---MS ''M3A'4MlA'2M5---M8 ' (^A.ioj 

This leads to the identity 

tstsR\n+)=tstsRH^-)- (A.14) 

The explicit expression for tg quartic in the metric is not very useful, but it can be defined via: 

tsM* = 24 (trM'' - KtrM^)^) , (A.15) 

for any antisymmetric matrix M. It is also related to eg via some F-matrix algebra: 

„4 tji---J8-f<-A'lM2 l-L ) ^fJ-7tJ-8 \^ ) ~ n*^ -'^MlM2-"-M3M4-"-M5M6-'^M7A'S 

Finally, there is a relation between eioCio and tgig structures: 

n'^ioCio-R = is^s-R + 192tri?^yi?pAtri?^pi?^A 

-768 tr Rf'^'P^Rf, '^ p^R^'u '"RsuXk + Ricci terms . (A.17) 

Note that the former does not contain any Ricci-like term. The internal contractions on the four-index curvature 
tensor appear only inside en^e^^R'^. 
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B T-duality (revisited) and CP-even terms 

For the most part, and certainly "conceptually", we have been treating all 0{a'^) corrections as a single 
object. However, the discussion of T-duality has been a notable exception; the discussion of Section [3] covers 
only the CP-odd part, i.e. the even-odd -I- odd-even spin structure sectors. The reason the CP-even part has 
been relegated to the poor relative status to be placed in an appendix is simple. The expressions are big, 
cumbersome and fairly unenlightening. Nevertheless, for sake of completeness, if for nothing else, here we do 
discuss of the CP-even terms, which consist of the even-even and odd-odd sectors. To keep the expressions 
manageable, we shall just present in detail only the six-dimensional four-derivative couplings here. Similar 
ideas for using T-duality in the CP-even sector to constrain the B-field and dilaton contributions to the ten- 
dimensional eight-derivative Lagrangian were considered in |70p71j O 

B.l Circle reduction of CP-even terms 

As shown in Section [3. 4[ the CP-odd anomalous couplings in a background with an isometry transforms as a 
part of a doublet under T-duality. The six dimensional version of the coupling p.44p reads as: 

f BA [X4n+) + X,in-)] = f hAiX,-X,A T)\ - /^3 A ^^ . (B.l) 

J Me J Ms 

Here we shall focus on its completion: 



2e (5>CcP-even = e >CSoop + e >C°o°p, (B.2) 



where 



= Ei + lR{n+)H'^ + AR^,p,{n+)H^'P''H''^'' ~ ARp^{n+)H^ ^^ + \{H''f - Ih" . (B.3) 

This is the form of the six-dimensional four-derivative Lagrangian given in (I4.32p . 

We shall now compactify on a circle and examine the properties of (jB.2p under T-duality. We use the 
conventions of Section |3] and begin by making the observation that (J3.12I) may be written as 

R^p-''in+) = R^p-''ii,+ )~\{T+^-'T+p'-T+jT+p-' + T_^pT2')-\T+^pTl', 

Ra9'"'{n+) = \T+^sTl', (B.4) 

while p.l4p may be written as 

Rap{^+) = Rafi{.^+) - i(r+Q/3 + T_^p), 
Ra9{^+) = ^^D^UJ^)T+^^, 
i?9a(^+) = -^D^LJ+)T_^^, 

i?99(i7+) = i(r+r_). (B.5) 

We first examine £foop- The circle reduction proceeds by taking 

RABCD{i^+f = Rafijsi^+f + 2R^g^s{n+f + 2R^p^g{n+f + ARaSjsi^+f ■ (B.6) 



^*In 1721 a combination of (different and multiple) dualities is argued to lead also to a dual for Cg A Xg. Such couplings are 
beyond the scope of our present consideration. 
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Using the Riemann reduction (|B.4|) . integrating by parts and simplifying, we find 

-\[R^p^s{u:+)TfTl' + R^„,s{LO-)T'l^Tl'] 

+i/ia/3A/i^/[T^"rf + T^-'T^'] - i[(r2)2 + (Tlf] + liiTl^^f + {Tl^.f] 

+ ±{T+T^)[Tl + Tl] + l[Tl^, + T^ jTf T^A. (B.7) 

Note that we are ignoring all scalars in this circle reduction. 

We may pause and draw some conclusions already. Since (|B.7|) contains the entire even-even sector, it 
should by itself transform properly under T-duality. Indeed, it is conveniently written in terms of T-duality 
invariants R{uj±) and r+ and an anti- invariant T_. Note that (|B.7|) has only even combined powers of hj, and 
T. It is naturally decomposed as 

•^loop ~ -^looplinv '^ looplanti-inv' V^-"^ 

where the first term contains even powers of T_ and second contains odd powers. As in (IB.1[) . it is a part of 
a T-duality doublet (the other part being -CSoopl. — -CJ^^q I . . ). At the level of the three-point function 
(which we discuss below), we have 

e^^-^looplinv = \[Ral3'y5{^+f + Ral3'iS{^-T]^ , 

^''^yooXr.t,-,n. = ~\[Rc.p^5{c^+)TfTl' + R^p,siiO-)T^''Tl'] + ---. (B.9) 

We now turn to the odd-odd spin structure sector. From (jB.2p . we see that there are six terms to reduce. 
In order to reduce E4, we first obtain 

RABCD{n+)R^'''^''in+) - R^p^siLo+)R"^^H^-) - [Ro.ms{uj+)TZ'tI' + R^p^s{iO-)T^''T^J] 

-\[R^p^5{uJ+)T'l^Tf + R^p^s{io^)TfTl'] 

-UiTl^^f + iTl^^f] + T+T_T+T_ + \[Tl^,. + T^^jrf T^, 
+ ^[T2+r2](r+T_), 
Rab{^+)R''^{^+) = Rap{io+)R^^{u;+) - ii?„^(c.+ )[T^"^ + t!"^] 

+ii?"(c._)T+„,i?^(c.+)r_/ + i^m^^)' + [Tl^^f] 

Rin+)R{n+) = RiLo+)^-^Riuj+)[Tl+Tl] + lRiuj+)iT+T^) 

+ MTlf + (Tl)'] + \TlTl + UT+T-? -\[Tl+ TI]{T+T.). 

(B.IO) 

This can be combined to give 

Ei = Ro,p^s{uj+)R''^''\uj-) - AR^p{Lo+)R^"{oj+) + R{uj+f 

-[R^P,s{uj+)TX''tI' + R^p^s{o^^)T^-^T^J] - \[R^f,^s{uJ+)T^^Tl' + R^p,s{o^^)TfTl'\ 

+2R^p{uj+)[Tl''^ + T^"^] - \R{lo+)[TI + Tl] + \R{u+){T+T^) 

+i?„(c.+ )r_^,i?"(c._)Tf - 2D^{u^)T+^xD'\uj+)T^fi^ - l[{Kp^Tff + [KpxT^^f] 

+\h^pxKs^[T^''T^' + T^-'T^'] + ^[{Tir + (t2)2] _ |(r+r_)2 

_^[T2+r2](r+r_) (b.ii) 
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The additional terms in (|B.2p may be reduced as well. We find 



4I 
-\[{KpxTff + [KpxT^^f] ~ \Kpxh,s^Tl''T^J 

'UiT^l? + [Tlf] + UtI+ Tl]{T+T^) - IT+T^T+T^ 

RAB{n+)H'^^ = R^0{oj+)h'^P + l{2R^p{uj+)-hlp)[Tl''^+Tl''^] 
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^R^piuj+)[T^^T^x+T^^T^x] 

_ 1 \(rp2 \2 I (rp2 \2-\ _ lrp2 rp2^lV . 1 rrp2 , rp2 ^rp^J.\^pV 

+ ^[T2 +T2](r+T_) - i(T+T_)2, 
Rin+)H^ = Riu+)h^ + \{3R{lj+) ~ h^)[Tl + Tl] - i(6i?(w+) - h^){T+T^) 

-MT^lf + (^-)'] - 1^+^- - W+T.f + ^[t2 +r!](r+r_), 
+lTlTl + |(r+r_)2 - |[r2 + tI]{t+t^), 

+1 

Adding the above together, we find 

e-^C°C^ = R^p^s{io+)R''^'''{uj-)-AR^fi{Lo+)Rf'\uj+) + R{uj+f + lR{Lo+)h^ 

+ 2[R^P-,S{UJ+) + i?„^^5(L^_)]/l"T^/l^^ - AR^p{LO+)h'^P + i(/i2)2 _ |;i4 

-\[R^p,s{^+)T^^Tl' + R^p^s{u^_)TfTl'] 
-[R^p,s{uJ+)TZ^T^' + i?„/j^5(^-)r^^Tf ] - ii?(^+)(T+T_) 

-2D''{lu^)T+^xD''{lo+)T^P^ + 2K0^[TfD^{uj+)T^0x - Tl^D^{u:^)T+px] 
+Kp^[Tl'^Dx{^+)Th'^ - tPJDx{^-)tI^] - WiKpxTff + {KpxT^^'f] 
+\K0xh^,\TZ'Tl' + T'T'T^J] + h^pxKs'^n-^T^J + A[(t2)2 + (t^)^] 



^T+T^T+T^. (B.12) 
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j_ 



i[T2 + r2 iTf T^A + T^[r^ + T2](r+r_). (b.13) 



This complicated expression is again a sum of T-duality invariants and anti-invariants, and hence the coupling 
is a doublet in the same sense as in the other sectors. For later reference, we note that 

^-'^olAn. = '\[Ro.Ms{^+)T'l^Tl' + R^p,s{^^)TfTl'] 

-[R^p^sioJ+)T^^T^' + R^p^s{u^^)T^^T^'] + ■■■ 

"loop I anti-inv 



-'^°-° ' - i?a/3^5(w+)i?"^'^^(W-) + ---. (B.14) 



The reason the invariant and anti-invariant expressions are flipped is due to the GSO projection, with IIA 
having /:°-p ^ -ieei?2 and IIB having £°-p ^ +leeR\ 
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We now comnient on the overall T-duality structure of the CP-even terms. Since the even-even and odd- 
odd contributions transform independently under T-duality, the expression {tstsR^ T ■^^lo^ioR'^) transforms 
properly under T-duality for either relative sign. We have been discussing only one-loop type IIA terms here, 
and hence we have a relative minus between two terms. Recall that eight-derivative couplings at 0{a'^) with 
a relative -|- (and an absence of the CP-odd term) appear in the tree-level type IIA action, and in type IIB 
(both at tree- level and one-loop). The map 

'5£cP-cvcn|i„^+5/:CP-cvon|^„ti_i,„ ^ (^^CP-cvcn | j^^ - ^^CP-cvon L„ti-inv (^'l^) 

is the map between IIA and IIB variables. Let us also recall that the tree-level terms are weighted by a T- 
duality invariant -y/— gexp(— 20). For the one-loop terms we should weigh the parts of the doublet by i?io and 
l/i?io. We will take a closer look at this below. 

Finally lets us recall that the nine-dimensional theory with maximal supersymmetry has an S'L(2,Z) R- 
symmetry, and its three one-forms form a singlet and a doublet under that group. In p.44p . bi (which is 
identified locally with B^gdx^ for IIA reduction and with g^i^dx^ for IIB) is the SL{2,Z) singlet. Hence the 
whole set of 0{a'^) couplings discussed in this paper is also an R-symmetry singlet. The SL{2, Z) doublet part 
will have no CP-odd couplings and a relative -I- between even-even and odd-odd contributions. Similarly, in 
eight dimensions the two different factors in the U-duality group have different 0{a'^) coupling associated with 
them. The S'L(2,Z) part will have a doublet of anomalous CP-odd couplings and a relative minus between 
even-even and odd-odd contributions, while the S'L(3,Z) part has no CP-odd coupling and a relative plusP^I 
For dimension seven and lower we lose the distinction between these two structures, essentially between Jo(0_|_) 
and Ji{Q+) defined in (|1.6p . and the fact that the U-duality group becomes semi-simple is consistent with the 
structure of the quantum corrections. 

B.2 A look at the string three-point function 

As we have seen above, the CP-even expressions split into T-duality invariants and anti-invariants. We now 
examine how this is realized on the string world sheet. For simplicity, we examine the one-loop three-point 
function for Type II strings compactified on K3 x 5'"'^. We start with the even-even spin structure amplitude 

c-c - Mi^i M2^2 M3^3 X j^^^„^ ^ ^^^ ^^^^j j^^^^^ ^ ^^^ ^^^^j j^^^^^ ^ ^^^ ^^^3j ■ ( -16) 

In order to get a non-vanishing contribution at the four-derivative level, we need to take two fermion pairs 
from the left-movers and two fermion pairs from the right-moves. Since this already brings in four momenta 
factors, the remaining factor must be a bosonic zero mode contraction. In other words, we have schematically 

A - {dXdX){k ■ ^Pijk ■ i;^){k ■ i^ijk ■ '4)^). (B.17) 

For three gravitons, we end up with the usual expression (this time in five dimensions) 

•Ah-h-h ^ tit^R . (B.18) 

This expression has the same form at both small and large radius. It is easy to see that the amplitude for an 
odd number of vectors vanish. Hence the only remaining amplitude to consider is that of one graviton and two 
vectors. If we let 

.9p9=59M=^P' 5^9 = -Sg^ = i;., A±=A^±i^, (B.19) 

the the polarization tensors for the vectors have the form 



V9 



= A+, e^^^A-. (B.20) 



We now consider 



A-A+-A+ - {dxdx){k-4>4'k-4>4'){k2-i^i''h-i^i'') 

- -k2-k3{dXdX){k-ijiPk-iP^){ijJ^jj){iP^'4)^), (B.21) 



^This distinction is there already for the pcrturbativc SL{2,Z) X S'L(2,Z) part of the U-duality group. 
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where we have labeled the circle direction explicitly. Since on-shell three-particle kinematics gives ki ■ kj — 0, 
we see that this amplitude vanishes. There is, however, a non-vanishing amplitude for 

A-A+-A- - (dX^BX^) {k ■ i/j^k ■ V'V') {k ■ i'i^k ■ ^^) . (B.22) 

This involves a bosonic zero mode contraction on the circle 

Putting the h-h-h and h-A^-A~ amplitudes together, we find 

A-c - UUR^ + nR^,p,Tl''TPJ', (B.24) 

where T = dA . (We are ignoring precise numerical factors here.) To be explicit (and in a schematic 
notation), we have, for the even-even spin structure 

IIA IIB 

iJ^^oo : UUWTRTfr^ R^ ^oo: 'uuWTRTfT^~ 
i?^ ^ : tiUR^ - RTfT^ R^ ^ : UUR^ - RTfT^ 

We see that this is T-duality covariant under the relation 

T^ = Tf, T^ = _Tb_^ R^ = a'/R^. (B.25) 

In particular, t4t4^R^ is invariant, and RT^T_ is anti- invariant, in agreement with (jB.91) . 

Turning now to the odd-odd spin structure, we put the first vertex operator in the (—1,-1) picture and 

write 

[^ • dX]r^ [idX'^- + ^k2 ■ VV'^'I [^dX^-^ + ^k3 ■ ^V^l 
^o-o -^ yp,.,«M.^.y.3.3 X j^ g^^^^^ ^^-^^^ ^ ^^^ ~~^^^ ^^-^^^ ^ ^^^ ^^^^j . (B.2b) 

(The Tp ■ dX is a picture changing operator insertion.) Here we have to soak up six fermion zero modes on each 
side of the string, and the first non-vanishing contribution will have four momentum factors and will contain 
ee. For three graviton scattering in five dimensions, the %lP zero mode can only come from the PCO. As a 
result, we find schematically 

Ah-h-h - 'Teei?2, (B.27) 

where the sign factor a = ±1 comes from the (dX^dX^) zero mode contraction between the two PCO's. 

For one graviton and two vectors, the circle directions must be on opposite sides of the string (otherwise we 
would have two 9's on a single e). This furthermore ensures that the PCO's will not involve any dX^ factors. 
Hence we find 

A, ,^ . r^ h 4+ 4- pMifc2M2A;3Q9 i^ife2fc3i/3 ^u A+ 4 " 1,^1 jU^^i t'^^ j.i'a ^R OS"! 

■^h-A+-A- ''■A'l''l^A'2 t'a a9 ^ "-fJ-ivi-^^j.^ V3 2 '^3 '"'3 "-2 ■ (,r>.ZOJ 

This has the same structure as the even-even contribution, except that it does not have the a sign factor. 
We now see that the odd-odd spin structure contributes 

Ao^o - aeeR^ + R^^p^T^^TP^" . (B.29) 

In order to see the implications for the IIA and IIB strings, we must take the different GSO projections into 
account. In particular, this gives an extra sign for the IIB string. As a result, we have 

IIA IIB 

R^ ^oo: T^WTRT^T^ R" ^oo: -eei?^ - RT^T^ 

R^ ^0: - eei?2 + RT^T^ R^ ^ : eeR^ - RT^T^ 

which we can verify is properly T-duality covariant. (Recall, also, that both t^t^R^ and ecR^ are identical at 
the Riemann-squared level. We are also ignoring the five-dimensional antisymmetric tensor field.) This agrees 
with the odd-odd expresion (|B.14p . 

Finally, in addition to providing a consistency check of T-duality, this calculation demonstrates that, at the 
three-point function level, the vector fields must enter in the T^T^ combination, and not as T^T^ + T^T^. 
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